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Abstract 



We study the condensation of localized closed string tachyons in C^/Zjv nonsuper- 
/\ ' symmetric noncompact orbifold singularities via renormalization group flows that pre- 

Cq I serve supersymmetry in the worldsheet conformal field theory and their interrelations 

with the toric geometry of these orbifolds. We show that for worldsheet supersymmet- 
ric tachyons, the endpoint of tachyon condensation generically includes "geometric" 
terminal singularities (orbifolds that do not have any marginal or relevant Kahler 
blowup modes) as well as singularities in codimension two. Some of the various possi- 
ble distinct geometric resolutions are related by flip transitions. For Type II theories, 
we show that the residual singularities that arise under tachyon condensation in var- 
ious classes of Type II theories also admit a Type II GSO projection. We further 
show that Type II orbifolds entirely devoid of marginal or relevant blowup modes 
(Kahler or otherwise) cannot exist, which thus implies that the endpoints of tachyon 
condensation in Type II theories are always smooth spaces. 
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1 Introduction 

Following the seminal insights of Sen pp, the last few years have seen the emergence of 
an understanding of tachyon dynamics in string theory. This development is important 
both as a foothold on time evolution in string theory, which has until now been difficult 
to study, and because it allows us to study some properties of string vacua by considering 
them as the endpoint of tachyon condensation starting from simpler solutions. Open string 
tachyons, being localized to D-brane worldvolumes, have relatively controlled descriptions, 
obtained by taking limits such that the open string dynamics decouples from the more com- 
plicated dynamics of the bulk closed-string theory. In particular, this approach eliminates 
the complications of gravitational backreaction. 

Closed string tachyons can also exist in configurations in which they decouple from most 
of the string modes, and in particular from gravity. Consider strings propagating on a 
space with singularities. In an appropriate large radius limit, string modes localized at the 
singularity decouple from the bulk theory (a clear general review of this approach is |2j). 
In particular, one can engineer models in which no tachyons propagate in the bulk while 
localized tachyons exist at the singular locus, and study the condensation of these localized 



tachyons. A particularly simple class of singularities are orbifolds (quotient singularities), 
analyzed in jSHHEI (considerable work has been done on closed string tachyon condensation: 
a recent review with a relatively complete list of references is jH]). In the decoupling limit, 
the local dynamics near an orbifold point can be well approximated by the dynamics of 
string propagation on the tangent cone C"/r, i.e. as an orbifold of a free conformal field 
theory, and is hence amenable to explicit calculations. 

In fact, what we study is not directly the time evolution of the system. Instead, we note 
that a static tachyon condensate of course breaks the conformal symmetry. It corresponds 
to a relevant deformation of the worldsheet theory, and we can study the worldsheet renor- 
malization group flows generated by such deformations. In particular, we can consider the 
endpoints of such flows: as conformal field theories these correspond to string vacua, and 
the RG flow thus realizes a path from one vacuum to another, more stable one. While the 
details of the path are almost certain to differ from the dynamical time evolution, the end- 
points of the flow agree in known examples with the asymptotic future of the time-dependent 
solutions. 

The free field description of the orbifold theory allows a simple and direct calculation 
of the spectrum. Localized states arise in twisted sectors, and in appropriate models all 
tachyons are twisted states. Unfortunately, this means that in general the free field descrip- 
tion does not lead to simple descriptions of the deformed theories after condensation. If the 
worldsheet theory with which we start has an A/" = (2, 2) super conformal symmetry, there 
is a class of deformations for which powerful constraints can be used to control the RG 
flow [H]. These are chiral primary deformations.^ While breaking the conformal symmetry 
they preserve the full super symmetry, simplifying the description of the deformed models. 
This simplification is related to the existence of a twisted topological version of the theory, 
retaining only the chiral primary fields. 

These decays are also distinguished in that they can be given a clear geometric interpreta- 
tion. They correspond to Kahler deformations (partially) resolving the orbifold singularity, 
in the sense that the (non-conformal) supersymmetric field theory obtained by deforming 
the action is a nonlinear sigma model on the Kahler space obtained by deforming the quo- 
tient. The geometric interpretation provides a global setting for the renormalization group 

^More precisely, the action is deformed by adding the integral of the top component of a superfield whose 
lowest component is a chiral primary field. 



flows, and our understanding of Kaliler deformation can be used to study global aspects of 
the flow. The description of the resolved space as a toric variety has proved particularly 
useful in these investigations Ej and will again be useful here. It turns out that we can 
associate operators directly to particular toric deformations. Taking the extreme limit of 
these - when the sizes of all exceptional sets are taken to infinity - we find in general several 
Abelian quotient singularities in an otherwise smooth space. In general, there will still be 
localized tachyons associated to these, and their condensation will continue the process of 
resolving the singularity. The geometric description, and in particular the description of the 
resolved orbifold as a toric variety, was used in 5J to find the endpoints of the decay for 
cyclic quotient singularities (F = Z„) in complex codimension one and two. In this paper, 
we extend this to cyclic quotient singularities in codimension three. 

Some new features of this case are noteworthy. A sequence of resolutions in the case of 
codimension two quotients ends either with a smooth space or with quotients by discrete 
groups contained in SU{2). We will call the latter supersymmetric quotients, because a 
type-II string compactification on such a space leads to spacetime supersymmetry. A su- 
persymmetric quotient has no relevant operators, but we can still move out along marginal 
directions to resolve the singularity completely. On the other hand, tachyons induce RG 
flows: under such a flow to the IR induced by a given tachyon, the anomalous dimensions of 
the remaining chiral operators in general increase, as we show using toric methods. In par- 
ticular in codimension three, some operators relevant in the UV become irrelevant in the IR: 
the blowup modes corresponding to these modes are no longer tachyonic after the condensa- 
tion. In fact, we find situations in which we are left after condensation with residual quotient 
singularities for which all of the chiral blowup modes correspond to irrelevant operators. 
As geometric spaces, these are terminal singularities with no marginal or relevant Kahler 
blowups,^ well known in algebraic geometry, and correspond to non-supersymmetric string 
vacua with no chiral tachyons: they represent nontrivial endpoints of the renormalization 
group flows. Unlike the case in codimension one or two, the order in which tachyonic modes 
condense - the order in which we blow up - in general changes the resulting theory. Thus in 
general there is no canonical resolution of a given singularity. Some of the various possible 
distinct resolutions are related by flip transitions, similar to the familiar flop transitions in 



■^Note that by Hironaka's famous theorem on resolution of singularities |H1, there are always Kahler 
blowup modes, but most of these are irrelevant jH]- 



Original unstable orbifold 

with various tachyonic directions 



Tachyons condensing to 
Endpoint II 




Tachyons condensing to 
Endpoint I 

Figure 1: A heuristic picture of an unstable (UV) orbifold with several relevant directions: 
two distinct tachyons in C^/ZAr(p g) condense to distinct endpoints, with a possible flip tran- 
sition between them. Endpoint I stemming from condensation of a more relevant tachyon 
is less singular than Endpoint II (see sec. 4). 

Calabi-Yau spaces (see figure H}. 

Thinking of renormalization flows provides a natural partial ordering of the deformation 
modes of a given quotient: consider a generic perturbation of the initial theory. Under 
RG flow, the most relevant tachyon - from the point of view of the spacetime theory, this 
is the state with the most negative mass squared - will condense most rapidly. For some 
range of initial values, we can obtain an approximate picture of the actual RG trajectory 
(our surrogate for the time evolution) by imagining that we first follow the most relevant 
tachyon to a fixed point: in general under the RG flow the original singularity splits into 
several singular points^, which in the conformal limit, and given the noncompact (large- 
radius) analysis we perform here are decoupled^. Under this flow the conformal weights of 
other operators shift, and the most relevant operators remaining will again be the first to 
condense in each of the residual singularities. The natural prescription is thus to perform the 



^See e.g. |1U| . which uses the mirror Landau- Ginzburg description of ^ to show that under condensation 

of a single tachyon, a C'/Zat orbifold decays into r separated orbifolds. 

^Of course this decoupling and flattening out of the space away from the residual singularities occurs 

strictly only in the infinite RG-time limit: during the blowup process, i.e. during the condensation of a 

particular tachyon, the full space is indeed curved and does not admit any simple free field theory description. 



blowup corresponding to the most relevant tachyon, then repeat the process. This is a partial 
ordering because the most relevant field need not be unique, and two fiows corresponding 
to condensing fields of the same lowest dimension may lead to different endpoints. It is 
also worth pointing out that different decay modes (other than the most-relevant-tachyon 
sequence) of the original unstable orbifold are of course possible, giving rise in principle to 
distinct geometric endpoints. 

Another subtlety in this case is the generic appearance of quotient singularities in codi- 
mension two. These occur along curves contained within the exceptional sets from the 
blowups, and the subsequent twisted sector states that arise are thus in some sense in- 
termediate between localized and bulk modes. At specific points along the singular curve 
the singularity type changes; these quotient singularities are thus not decoupled even in 
the extreme infrared limit, coupled through the twisted modes propagating on the singular 
curve. 

Following [5j we will use a toric description of the resolved quotient singularities. One 
of the remarkable results of that paper was the way in which the toric description encodes 
the algebraic structure of the chiral ring at the orbifold point. We find a similar correspon- 
dence in the cases studied here. Toric descriptions of chiral rings are known in the case 
of large-radius limits, but these are qualitatively different. The gauged linear sigma model 
allows us to interpolate smoothly between the two limits, and the relation between the two 
representations is an interesting question, left for future work. 

Of course, localized tachyons are most interesting in the absence of bulk tachyons. As 
discussed in [TTl [T21 IS1 HI El UB] we can, in some cases, impose a consistent GSO projection 
on the M = (2, 2) theory to obtain a modular invariant model from which the bulk tachyon 
has been removed, though spacetime supersymmetry is broken. In these models our goal is 
to approximate the generic decay. This, in general, breaks the worldsheet supersymmetry 
completely and is thus not accessible to our methods. Our approximation consists of a 
modification of the procedure mentioned above, of following the most relevant operator. 

The orbifold theory is in fact invariant under three copies of the A/" = (2, 2) supersym- 
metry algebra, and the most relevant operator is always chiral under some combination of 
these. We select this supersymmetry (this choice is closely linked to choosing the target 
space complex structure), and use it to follow the renormalization group trajectory after 
adding this operator to the action. At each of the singularities that remain in the extreme 



infrared limit, we once more follow the most relevant operator cliiral under the same su- 
persymmetry. As a consistency check on the procedure, we show that the flow does not 
generate bulk tachyons in various classes of Type II theories: in other words, all the residual 
orbifold theories arising at the ends of our flows are GSO-projected^. 

As above, this process ends when all of the singularities remaining have no relevant chiral 
operators. In fact, since the GSO projection removes some of the localized tachyons, one 
finds in general quotients that are not necessarily terminal singularities in the geometric 
sense, but appear string-terminal, all relevant chiral operators having been projected out. 
At this point, though, we once more have, in each of the decoupled theories, an enhanced 
supersymmetry: thus there exist generic metric blowup modes (chiral with respect to some 
supersymmetry) that potentially smooth out the singularities. Indeed, we find a clean com- 
binatoric proof which shows the non-existence of Type II orbifold singularities completely 
devoid of any relevant or marginal blowup modes (Kahler or not) preserved by the GSO 
projection. Thus not only are there no string-terminal quotient singularities, there are in 
fact, for a Type II string, no terminal singularities at all. This shows that the endpoints 
of closed string tachyon condensation for Type II orbifold string theories in four or more 
noncompact dimensions are always smooth spaces. 

We study the structure of the residual singularities after condensation of a single tachyon 
using toric methods - in particular, we use the "Smith normal form" of the toric data for 
the residual geometries to glean insight into their structure. 

Organization: we describe the worldsheet conformal field theory of C^/Zjv orbifolds in 
sec. 2. Sec. 3 describes the representation via toric geometry of these orbifolds. Sec. 4 
follows the renormalization group trajectories corresponding to chiral tachyon condensation 
in Type string theory: in particular we describe how this dovetails with the toric structure 
of C'^/Ztv singularities, the analogs of "canonical minimal resolutions" and flip transitions 
therein, as well as the structure of the residual geometries obtained using the Smith normal 
form of the toric data thereof. Sec. 5 describes the situation for Type II theories and in 
particular discusses all-ring terminality. Two appendices provide some technical details. 



^After this paper had been circulated, we learned that the corresponding analysis in the codimension 
two case which was begun in |1HJ (using the mirror Landau-Ginzburg description of _3]) has been completed 

in [m. 



2 Free field theory at the orbifold point 

The spectrum of states localized near a quotient singularity is tractable because, in the limit 
in which the localized states decouple from the bulk theory, we are effectively studying the 
space C^/r. As a conformal field theory, this is an orbifold of a free field theory, obtained 
by gauging the discrete symmetry group F. The high degree of symmetry of the free theory 
leads to many simplifications in the treatment of the quotient. 

We will work in the RNS formulation, and study the local dynamics near a singularity 
of the form M}'^ x (R^/Zjv). We will choose a complex basis for the "internal" coordinates 
such that r acts holomorphically. The generator is thus 

g : (Xi,X2,X3) ^ (cu'=^Xi,cu^2X2,a;^«X3) , (1) 

where Xt are complex coordinates on the internal space and to = e^'^^'^ . 

The free field theory before orbifolding enjoys an A/" = (8, 8) worldsheet supersymmetry, 
which will be broken by the quotient (which acts as an /^-symmetry) . The quotient will 
preserve three copies of the A/" = (2, 2) super conformal algebra, with supercurrents and 
U{l)ji currents 

G- = i,m: (2) 

Ji = i)ii)* = i dHi , 

and their antiholomorphic counterparts, where we have formed complex linear combinations 
of the worldsheet fermions as superpartners to the Xj. We have bosonized the U{1) current 
so that ipi = e^^\ With respect to this subalgebra, (Xj,-?/'j) form a chiral superfield, and g 
acts as a non-i? symmetry with ipi -^ u^^ipi. 

Because of the product structure of the free theory, the spectrum of the quotient theory 
can be understood by working with one chiral superfield at a time. Thus, we consider the 
theory of one chiral superfield, and perform a Zat quotient, with the action X — > uj^X (of 
course, k can be set to one here, but we will want this peculiar notation later). Of particular 
importance to us will be the ground states in the twisted sectors: twisted-sector states are 
the ones that will be localized at the singular locus. The orbifold theory will have A^ twisted 
sectors and a "quantum" Zat symmetry. In the j-th twisted sector, the field X satisfies 

X{a + 27r, r) = uj^^X{a, r) . (3) 



The ground state in this sector can be shown (see ^^ for a clear exposition) to be a 
chiral primary state (annihilated by G'^^j:^ in addition to all positive modes) with U{\)r 
charge y = {^} (the fractional part of ^) and conformal weight /i = |, when y < ^. The 
first excited state is antichiral, with charge y — 1 and weight h = ~ . When y > ^, the 
ground state is an antichiral state with charge y — I and weight h = ^ ~^ , while the first 
excited state is chiral, with charge y and weight /i = |. These exhaust the (anti)-chiral 
states in the theory, and the results are simply summarized by the statement that for each 
j we have a chiral state of charge y/2 and an antichiral state of charge {1 — y)/2. 

The mass-shell condition gives the mass in spacetime {i.e. the unorbifolded dimensions) 
of a state with R-charge q and conformal weight /i = -y as 

-jM' + h-l = 0. (4) 

Thus the most relevant tachyon, i.e. smallest R-charge, corresponds to the leading spacetime 
instability, i.e. with the most negative mass-squared. 

Chiral operators are of interest for several reasons. Since they saturate the inequality 
h > -J- between conformal weight and U{1)r charge, their operator products are nonsingular, 
and by taking the coincident limit produce the structure of a ring of (anti-) chiral operators. 
(Keeping track of both in this case is of course a bit redundant, since a chiral field in the 
j-th sector has a conjugate field in the (A^— j)-th sector.) Constrained by conservation of 
f/(l)/j as well as by the "quantum" Z^r symmetry of the orbifold theory, the structure of 
the ring is here particularly simple. The operator J3] creating the chiral state in the j-th 
sector, Tj, can be written as 

T, = ayc^y'^''-'^^ , (5) 

where ay is the bosonic twist operator (with conformal weight h = |y(l — y)), and dH the 
bosonized current as above. The ring is generated by 

T = avive(^/^)(^-^) , (6) 

with 

Tj = T^y . (7) 

There is, in addition to the identity, one chiral primary operator in the untwisted sector, 

Y = i# , (8) 

8 



the volume form of the internal space, normalized by its total volume. The two generators 
satisfy the relation j3] 

T^ = Y . (9) 

The antichiral ring has a similarly simple structure. It is helpful in the sequel to note 
that chiral and antichiral fields under the algebra (J2I) are exchanged if we exchange G^ , or 
equivalently (X, ip) and (X*, tp*). 

A chiral (or antichiral) field is the lowest component of an Af=2 chiral superfield whose 
top component can be added to the action without breaking supersymmetry. This means we 
can use the powerful constraints imposed by (2, 2) worldsheet supersymmetry to study the 
deformed theory, i. e. the RG flow and its endpoints. In the string theory, the most relevant 
operator in any sector is chiral (or antichiral), so the tractable sector includes the dominant 
decay modes of these unstable vacua. At any point along the renormalization group tra- 
jectory corresponding to the condensation of a chiral field, one can perform a topological 
twist [ini so that the flow corresponds to a family of topological theories (see [Ej for the 
generalization to toric varieties). These, in turn, may be amenable to study using a twisted 
gauged linear sigma model (see e.g. [7!^). In this case, one can follow the condensation of 
the tachyon all along the flow and not simply study its endpoints. 

C'^/Zjv(p,g) .' chiral rings 
Returning to the case of interest (0) and recalling that the quotient theory is in fact in- 
variant under the three copies of the M = 2 superconformal symmetry Q, we find eight 
rings of operators (anti-) chiral under each of these, in four conjugate pairs. In this section, 
we will focus on one of these, the (cx, cy^cz) or the chiral ring. Furthermore we will focus 
largely on orbifolds that can be expressed in canonical form, i.e. {ki, k2, ks) = (l,p, q). This 
includes all isolated orbifolds. 

We denote noncompact C^/Zat orbifolds with the geometric action on the (X = z"^ + 
iz^ ,Y = z^ + iz'^ , Z = z^ + iz^) target space coordinates 

{X,Y,Z) ^ {ujX,ujf'Y,uj''Z), \p\,\q\<N, p,qeZ, u; = e^"*/^ (10) 

by C^/Zjv(pq). String theory on such orbifolds retains no supersymmetry if 1 + p + g ^ 
O(modX) since the orbifold action does not lie within SU{3) - these orbifolds cannot be 

9 



embedded as local singularities in a Calabi-Yau 3-fold. These are isolated singularities if p, q 
are coprime with respect to A^. The twisted sector operators in the chiral ring of C^/Z,N{p,g) 

3 

Xj = n ^m/N} = ^//N ^{%/N}X{%/N}^ J = 1,2,...N-1 (11) 

are constructed out of the twist fields (0) for each of the three complex planes parametrized 
by X, Y, Z. {x} = X — [x] denotes the fractional part of x, with [x] the integer part of x 
(the greatest integer < x).^ By definition, < {x} < 1. This constitutes the {cx,Cy,Cz) 
ring of twist operators, that are chiral with respect to each of the three complex planes. In 
the j-th twisted sector, the boundary conditions for the operators Xj are 

X'{a + 27r, r) = cu^'^'X((t, r) . (12) 

Based on our discussion above in the case of one chiral superfield, the chiral operators pi|) 
are either the ground states or the first excited states in the various twist sectors.^ 

In this notation, we note that the orbifolds C^/Zjv(p,j), C^/Zjv(-p,g), C^/Zjv(p,-g) and 
C^/Zjv(-p,-g) are related by changes of complex structure implemented by the field redef- 
initions Y ^> Y*, Z ^ Z* and Y, Z -^ Y*,Z* respectively. As we have seen, besides the 
(cx, cy, cz) ring of operators (fTT|) . there are various other sets of "BPS protected" operators 
which comprise the other rings. It is noteworthy that e.g. the field redefinition Z ^ Z* 
exchanges the (cx, cy, cz) and (cx, cy, az) rings. One can check that the (cx, cy, cz) ring of 
the C-^ /'LN(p,q) orbifold is the {cx^cy^az) ring of the V.^ j'LNip-q) orbifold, i.e. C^/ZN{p,N-q) 
orbifold and similarly for the other rings. 

As a geometric space, by convention the (cx, cy, cz) ring of the singularity alone respects 
the asymptotic complex structure and geometry. In fact, twist operators in the other rings 
do not appear as lattice points representing blowup modes of the singularity in the toric 
geometric representation of the {cx-,cy.,cz) ring: i.e. there is in general a different toric 
diagram for each of the rings so that these other rings for a given orbifold do not have 
an obvious interpretation in terms of its algebraic geometry. Physically, once a tachyonic 
chiral operator condenses, it breaks the full M = (2, 2) worldsheet supersymmetry down 



^Note that for m,n > 0, we have [^^1 = -[^1 - 1 and therefore {=^} = -2i - \=IR] = 1 - {m} 

Ar/>\Ar/ ^ 2' ITVJ ^ 2 

'(1) v(2) ^v(3) 



"^For instance, in the sector where {^},{4^} < \; \rw\ > ^ j the ground state is of the form 
X'".,j^ Xr.,j^-,{X^_r.,j^-,)* and befongs to the {cx,CY,az) ring, which is chiral w.r.t. X,Y and anti-chiral 
w.r.t. Z. 

10 



to the subgroup it preserves, and the ring it belongs to. Thus if we so wish, we could, for 
noncompact singularities, define the {cx, cy, cz) ring to contain the most relevant tachyon. 
We will have occasion to describe the structure of the twist fields in all the various rings 
later when we discuss Type II theories and all-ring terminality. 

Vertex operators belonging to the untwisted sector of these C^/Z^v orbifolds describe 
excitations propagating in the full ten dimensional spacetime while twisted sector states are 
localized to the singular subspace of the orbifold. The structure of the OPEs of general 
untwisted and twisted sector Virasoro primaries in a regulated (noncompact large volume) 
ViQ-d — >■ oo limit shows that the bulk untwisted sector tachyon of Type decouples and thus 
can remain unexcited along RG flows associated with condensing only the localized twisted 
sector tachyons [5jj. Thus it is sensible to study the condensation of localized tachyons. 

For the nonchiral Type string theory, one performs a diagonal GSO projection which 
projects out spacetime fermions and retains the bulk tachyon. Thus all twisted sector 
tachyons are present (along with the untwisted tachyon). The twist operators Xj have 
R- charges and conformal dimensions 



The operators with Rj < 1 and Rj = 1 are relevant (tachyonic) and marginal respectively 
while those with Rj > 1 are irrelevant on the worldsheet. In addition to the Xj, there are 
of course the chiral primaries, Yi = yipiipi, i.e. the three volume forms of the internal space, 
normalized by its total volume. There exist relations amongst the operators Xj, Yi. 

The subset of the twisted states Xj that generates the chiral ring of C^/Z7v(p,g) in general 
contains more than one element (as in the case C^/Zjv(p) studied in [F). Schematically then 
a given operator in the chiral ring can be decomposed into products of the generators via 
the ring relation Xa ~ X"^^X"^^ . . ., the ttij being integers. The R-charge of the generic 
twisted state Xa is given by Ra = J2i ''^iRgi > where Rg^ is the R-charge of the generator 
Xg.. A given operator in C"^/Zjv(p^^) can be decomposed in various distinct ways so that 
the generator decomposition for a given operator is not unique (as in C^/Z7v(p)). This 
non-uniqueness is fairly obvious from the toric representation of these orbifolds, which is 
3-dimensional. As we will see, there is an intimate relationship between operators in the 
chiral ring of the orbifold and the relations amongst them and the geometry of lattice 
vectors in the toric representation thereof. A noteworthy fact is that the set of generators 
of the C'^/Z7v(p,q) chiral ring in general includes irrelevant operators as well as tachyons and 

11 



marginal operators. Indeed as we shall see, there exist classes of C'^/Zjv(p,q) orbifolds where 
the entire chiral ring is generated purely by irrelevant operators, i.e. Rg- > 1 for all the 
generators Xg^. In such cases, there is no relevant or marginal deformation of the chiral ring 
and of the corresponding orbifold singularity via Kahler blowup modes. 

We will now exhibit some examples elucidating the twisted states Xj with their R-charges 
and the generator decompositions thereof. 

Example CVZn (1,2,7): The Type theory has tachyons Ti = {^,ji,ji), Ta = 
(h' H' u) with R-charges Ri = ^, R2 = -^ respectively, of which T2 survives the chi- 
ral GSO projection to Type II. The set of generators of the Type chiral ring consists of 
the tachyonic twist field operators Xi = (jj, ji, ji), X2 = (h'^'h) ^^^ ^^^ irrelevant 
operators X, = (^, if, ^), Xg = (:^, ^j, ^), X7 = (^, ^, ^), Xg = (^, ^, J^). The re- 
mainder of the twist fields are X3 = (^, ^, if), X4 = (^, ^, ^), Xg = (^, ^, ^), Xio = 
(tI' H' n)- Then it is easy to see by comparing R-charges that the relations between various 
twist operators and these generators include 

X3 ~ X1X2, X4 ~ X2, Xg ~ X7X2 ~ XgXi, Xio ~ X8X2 (14) 

and other similar expressions. The relation involving Xg illustrates the non-uniqueness of 
the generator decomposition. 

Example C'^/Z2 (1, 1, 1): The only twisted sector j = 1 of the {cx,cy,cz) ring has the 
irrelevant operator Xi = (|, |, |) with R-charge Rj = |. Thus the generator of the chiral 
ring consists of the single irrelevant operator Xi. It is straightforward to check that the 
twist fields Xj in all rings are irrelevant (as we will see in detail later when we discuss Type 
II theories) : This is an isolated all — ring terminal singularity. 

Example C^^/Zat (1, p, —p): {p, N coprime) The (cx, cy, cz) ring twist field Xj has R-charge 
i?j = -^ + {^}-|-l — {^} = l-|--^>lso that these twisted sector states are irrelevant in 
conformal field theory. Thus there are no relevant or marginal operators in the (cx, cy, cz) 
ring of the worldsheet string theory describing this class of singularities which thus cannot 
be resolved geometrically (see e.g. jIB])- In general however, there are tachyonic or marginal 
twisted states arising from other rings (as we will see in detail later when we discuss Type 
II theories) so that the singularity in general is indeed resolved metrically via the nonchiral 
deformations. 
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3 C^/Zjv(p,g) : toric geometry 



In this section, we will sketch the toric geometry description of 'C^ /'LN{p,q), uniformizing 
our notation with the description in [SJ |2] reviewed in Appendix B. The description here is 
based on [12112011131211122] (see e.g. (2^ for a detailed exposition of toric geometry). 

Let {x,y,z) and {u,v,w) be coordinates on C^ and C-^ /'LN{p,q) respectively. A basis for 
the monomials invariant under the orbifold action is 

u = x^ , V = x~'^y, w = x~'^z. (15) 

The ring of holomorphic functions on a neighbourhood of the noncompact C'^/Zjv(p,g) orbifold 
singularity is generated by the monomials 

^mi^m2^m3 _ ^Nmi-pm2-qm3 1712 ^ma QgN 

for integer mi,m2,m3. This ring is well-defined if the basis functions have positive expo- 
nents, i.e. Nrrii — pm2 — qm^ > 0,m2 > 0,?7i3 > 0. The space of possible such vectors 
m = J2i^^i^i is the cone in the M lattice, bounded by the vectors ei = (1,0,0), 62 = 
{p,N,0), 63 = (g, 0,A^). Thus each point in the M lattice defines a monomial on the 
orbifold. The Cj form a basis for the M lattice. 

Eqn. (fT^ essentially specializes the general relation Xi = Ylj ^j^^'i hj = l^ 2, 3 between 
the coordinates Xj = {u,v,w) G C^ and Zi = {x,y,z) E £-^ /IjN^p^q) (see eqns.(2.1) and (2.2) 
of [201 ) > from which we can therefore read off the aij as 

aij=ai = {N,-p,-q), a2j = 0^2 = (0, 1, 0), 03^ = 03 = (0, 0, 1), j = 1,2,3, 

(17) 
i.e. the matrix aij is formed by juxtaposing the rows ai,Q;2,a3. Since the orbifold acts as 
g : Zj \-^ uj^^Zj with rational gj, we have ^ • gjttji G Z, i = 1,2, 3. 

The vectors aj are constructed orthogonal to the basis Cj G M: specifically ai _L 
62,63, 0^2 J- 61,63, 0:3 -L 61,62. They form an integral basis for the N lattice dual to M. 
()17|) gives the vertices of the simplex A defining the fan of cones subtended with the origin 
= (0, 0, 0) as the apex in N. Alternatively one may of course choose to begin with a cone 
in the N lattice and construct from it the dual lattice M as the space of monomials. 

Subcones of the cone C(0; ai, 02, 0:3) which have (real) dimension p determine "toric" 
codimension-p algebraic subspaces of C'^/Zjv(p,q) with (complex) codimension p. Thus toric 
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a3= (0,0,1) 




ai = (N,-p,-q) 



C(2= (0,1,0) 




0= (0,0,0) 

Figure 2: The fan of cones for the N lattice of C^/1jN{p,q), with the vertices of the simplex 
A, as well as tachyons Ti,T2 in the interior of the cone and the corresponding subdivisions 
thereof. (The figure on the left shows the simplex and its subdivision; the figure on the 
right shows the actual cones in the fan.) 

divisors (which are algebraically embedded codimension one subspaces) are determined by 
1-dimensional cones, i.e. rays in C(0; ai, 0:2, as). 

Note that the cone C(0; ai, 02, 03) has volume^ A^ in terms of the units defined by the 
lattice N. The relationship between the group action and the lattice N in our case is visible 
in the basis in eqn. p7|) . In general, a cone with volume k > 1 corresponds to an orbifold 
singularity by a discrete group F whose order is k. (If cyclic, this is automatically a Z^ 
singularity.) To determine the group F, one needs a basis for the lattice N which is nicely 
adapted to the group action, in a manner analagous to eqn. (J17j) . In fact, N is a lattice of 
rank 3 contained in the standard lattice Z^, and the group F is the quotient Z'^/N, which 
is a finite group. The fact that a finitely generated abelian group is a direct sum of cyclic 
groups is a standard theorem in algebra (see, for example, |211); and a specific algorithm to 
calculate the sum of cyclic groups - the "Smith normal form" - will be presented in section 
4. 

The simplex A is the intersection of the fan with an afiine hyperplane passing through 



^The volume of the cube generated by three 3- vectors is y(ai,a2, (33) = |det(ai,Q;2,Q;3)| = |ai •q;2 x aaj. 
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the three vertices a,. The equation describing the affine hyperplane containing the simplex 
A takes the form i^ix, y,z) = 1, where 

1 +P + g" 



«A(a;, y, z) = (^ — jx + y + z. 



We will refer to this affine hyperplane also as A. The normal to the hyperplane A is the 
vector v± = {l+p + q,N,N), which satisfies ai-v± = N > 0. The left side of figure |21 shows 
the affine hyperplane and the simplex A within it. 

There is a remarkable correspondence between operators in the orbifold conformal field 
theory and subspaces in the M lattice. A given orbifold conformal field theory has rele- 
vant/marginal/irrelevant operators that correspond to specific lattice points in N. In our 
normalization, the linear function i^ evaluated on a specific lattice point j yields a value 
Aj = £a{xj, Vji Zj) which is equal to the R-charge Rj of the corresponding operator. A given 
lattice point Pj = {xj,yj, Zj) can then be translated to an twisted sector operator as follows: 
realize that this vector can be expressed in the {ai, ^2, cts} basis as 

{xj, yj, Zj) = aai + ba2 + ca^. (19) 

This then corresponds to an operator Oj with R-charge 

Rj = (a, b, c) = (^^, yj + Xjj^, Zj + Xjj^j . (20) 

Conversely, an operator Oj with R-charge Rj = {j^,{^},{^}) corresponds to a lattice 
point Pj = {j,—[^],—[^])- In general, there are lattice points lying "above" the affine 
hyperplane A that correspond to irrelevant deformations. These have Rj = Aj > 1. 

Conformal field theories corresponding to supersymmetric C^/Zjv orbifolds always have 
marginal deformations that are represented by points jSk that lie on the affine hyperplane 
A. Thus Rj = Aj = 1 for the (3k and we will refer to the affine hyperplane A as the plane of 
marginal operators. The toric picture of blowing up a supersymmetric orbifold by a marginal 
operator then consists of adding to the cone an irreducible divisor [i.e. a ray) corresponding 
to the marginal operator (3^ and triangulating A into smaller sub-simplices that each have (3^ 
as a vertex. Such a subdivision of A by one or more of the j3k gives a subdivision of the cone 
into subcones, corresponding to a blowup that gives a (partial) resolution of the orbifold 
singularity. Subdividing maximally using all the marginal operators {i.e. all the blowup 
modes) present resolves the orbifold completely so that the resulting space is smooth. See 
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e.g. figure 5 of ^^ for a picture of the supersymmetric C'^/Zn (1, 3, —4) orbifold. In general, 
there are multiple distinct ways to subdivide using the fik in codimension three, which give 
resolved spaces of different topologies: these are related by flop transitions. Since the [3k 
lie on A, the maximal subdivision always yields N minimal subcones each of volume one, 
making up the volume A^ of the original cone. 

In the nonsupersymmetric cases we study here, in addition to possible (3k that lie on 
A corresponding to marginal deformations, there are points Tk in the interior of the cone 
{i.e. "below" the afiine hyperplane A) that correspond to relevant (tachyonic) deformations. 
These have Rj = Aj < 1. 

As we have seen in the previous section, the chiral ring of twist field operators is generated 
by a subset comprising relevant, marginal and irrelevant operators. From the point of 
view of the toric representation we have described here, the relations Xa ~ X^'^X™^ . . . 
between various twist operators and the generators (see e.g. ()14p ) are precisely equivalent 
to the different possible ways to generate a given lattice vector by adding lattice vectors 
corresponding to generators. 

The cone corresponding to a nonsupersymmetric singularity can be subdivided by the 
points Tk as well as the (3k. Figure |21 shows tachyons Ti and T2 and their corresponding 
subdivisions. Such a tachyonic subdivision by a Tk results in a partially-resolved space with 
total sub cone- volume less than N , the volume of the original cone: in other words, the 
resulting space is less singular than the original orbifold. In general, if there are multiple 
tachyonic points Tk in the interior, there are multiple distinct ways to subdivide which 
correspond to distinct resolutions of the original singularity, typically with distinct total 
volumes of the subcones. In other words, there is in general no canonical resolution. Some 
of these distinct resolutions are related by what are known as flip transitions. On the 
other hand, distinct subdivisions which give identical total volumes of their corresponding 
subcones are potentially related by flop transitions. In general the subcones obtained after all 
the subdivisions have been executed need not have volume Vsubcone = 1 each: the endpoint 
of maximal subdivisions corresponding to a generic collection of tachyons in C"^ /'LN(p,q) 
includes subcones of volume Vsubcone > 1- Such a subcone corresponds to a geometric 
terminal singularity, with no further lattice points on its afiine hyperplane Agubcone or in the 
interior thereof: thus there are no further relevant or marginal chiral deformations of the 
corresponding conformal field theory by which it can be resolved via Kahler blowups. In 
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the next section, we will elaborate more on these phenomena. 

4 Geometric terminal singularities, flip transitions and 
all that 

Unlike complex codimension one and two orbifold singularities, nonsupersymmetric (codi- 
mension three) C'^/Zjv(p,g) orbifolds generically include "geometric" terminal singularities, 
containing no marginal or relevant Kahler blowup modes - a phenomenon well-known in 
algebraic geometry j23]. In physical terms, the corresponding worldsheet string conformal 
field theories do not contain any chiral relevant or marginal twisted sector operator by which 
the singularities can be resolved. A simple example is C'^/Z2 (1, 1, 1): the twisted state from 
the only sector j = 1 has R-charge i?j = | > 1, corresponding to an irrelevant operator in 
conformal field theory. More generally, it is easy to see that C^/Zjv(p _p) is a geometric ter- 
minal singularity for p, N coprime: the R-charge of the j-th twisted state is -Rj = 1 + -^ > 1, 
so that the {cx,cy,cz) (chiral) twist fields in each twisted sector correspond to irrelevant 
operators in the conformal field theory.^ 

This result is further strengthened by the fact that toric C'^/Z^v orbifold singularities 
have no complex structure deformations 26^, unlike C^/Zjv: resolutions must be by Kahler 
blowup modes. 

On the other hand, sometimes the singularities can indeed be resolved. A simple exam- 
ple that is devoid of the intricacies to follow later is: 

Example C^/Zn (1, 1, 1): Figure El shows the vertices (A^, -1, -1), (0, 1,0), (0,0, 1) of the 
cone in the toric diagram. For A^ = 3, this can be recast as the familiar supersymmetric Z3 
orbifold, while for A^ > 3 there is a single tachyonic operator Ti = (1, 0, 0) with R-charge 
Rj = j^ that generates the chiral ring (shown in the figure). The operators Tj = (j, 0, 0) with 
R-charges Rj = -^ are tachyonic for j < N and are generated by Ti: the Tj are collinear with 
the generator Ti and the origin. As can be seen from figureEl the three subcones arising from 
the subdivision by Ti have volumes V{0] ai, 0:2, Ti) = 1^(0; 02, as, Ti) = 1^(0; as, ai, Ti) = 1 

^In the supersymmetric C^ /Zn cases, there always exist marginal chiral deformations which resolve the 
singularity to flat space. On the other hand, in supersymmetric C^/Z^r (no tachyons) and higher dimensions, 
there exist singularities which cannot be resolved by marginal chiral deformations either: the proof of this 
uses toric techniques combined with results from Refs. [2^1 HI] ■ 
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(0,0,1) 




(N,-l,-l) (O'l'O) 

Figure 3: C'^/Z^r (1, 1, 1) : The three points defining the affine hyperplane A are shown, 
along with the sole tachyon Ti and its corresponding subdivision. 



for any A^, so that condensation of the most relevant tachyon Ti here leads to a resolution 
of the orbifold to fiat space. 

Minimal resolutions, terminal singularities, and flips 

The traditional mathematical approach to studying resolutions of singularities (orbifold or 

otherwise) proceeds in two steps. First, thanks to a famous theorem of Hironaka ^, it is 

known that there is a sequence of (Kahler) blowups which yields a smooth space. ^° However, 

this resolution is far from unique, because it is possible to perform arbitrary additional 

blowups along smooth subvarieties of the smooth space, yielding other resolutions. The 

question thus arises: can we find some kind of "minimal" resolution of a singularity? 

In complex dimension one, further blowups do not change the space and the question 

does not arise. In complex dimension two, the existence of a unique minimal resolution 

of singularities follows from the results of the classical Italian school of algebraic geometry 

(from the first half of the twentieth century). The analogous question in complex dimension 

^"Traditionally in algebraic geometry, the question of Kahler metrics on these blowups was not considered, 
but since the blowups are projective morphisms, Kahler metrics on them can be chosen so that they indeed 
become Kahler blowups. 
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three was the subject of intense efforts by mathematicians in the 1980 's. 

When studying nonhnear sigma models, the possibihty of arbitrary blowups along smooth 
subvarieties is not an issue for the physical theory, because such blowups correspond to irrel- 
evant operators in the sigma model [H]. In fact, the classification of sigma model operators 
into relevant, marginal, and irrelevant exactly parallels the criterion introduced by Mori 
J2H] to attack the minimal resolution question: Mori studied the sign of the intersection 
numbers Kx ■ C, where Kx is the algebraic divisor class measuring the zeros and poles of 
a holomorphic n-form, and C is an arbitrary algebraic curve on X. When Kx ■ C < 0, the 
sigma model operator which creates C via a blowup is irrelevant; when Kx -0 = the 
operator is marginal; and when Kx ■ C > the operator is relevant. 

Mori showed that starting from a smooth complex threefold, if there are any C's with 
Kx ■ C < 0, then there is always a blowdown map which shrinks some of those C's to zero 
size. (This is precisely what we would expect from analyzing the sigma model, since such 
C's correspond to irrelevant operators.) In complex dimension two, the blowdown yields a 
smooth surface, but in complex dimension three, the blowdown can introduce singularities, 
the so-called terminal singularities. By definition (see, e.g., 125|), these are singularities for 
which some tensor power (fi")®'" of the sheaf of holomorphic n- forms has local sections, with 
the property that for every blowup, the puUback of any local section of (n")®*" vanishes along 
each divisor created by the blowup. In the case of orbifold singularities, this rather technical 
condition can be replaced by a simpler condition (which is equivalent to checking for relevant 
or marginal tachyons), and the terminal orbifold singularities in complex dimension three 
can be completely classified [221 • 

Later study revealed that a minimal resolution could not be reached by simply following 
a sequence of blowdowns from the starting resolution: in addition, one needs to consider 
"flips," in which (locally) a single curve C on X shrinks to zero size, but then a different 
blowup is done which causes a new curve C"^ to grow, creating the space X+. We have 
Kx ■ C < but Kx+ ■ C+ > 0. (Both spaces X and X+ have terminal singularities — 
there are no flips which just involve smooth spaces.) Work by Reid, Kawamata and others 
culminated in the final result by Mori jSO] which showed that minimal resolutions exist and 
can be obtained from arbitrary resolutions by a sequence of blowdowns and flips. 

In fact, the theorem had earlier been proven in the case of toric blowups, blowdowns, 
and flips by Danilov jSI]. The combinatorics of this process on toric varieties is the tool we 
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are using here. 

Relevance of tachyons, volume minimization and flips 

In general, for the orbifolds being studied in this paper, there are multiple tachyons not 
coUinear with the origin in the interior of the cone with distinct R-charges i.e. order of rele- 
vance, thus giving rise to distinct subdivisions and potential flip (or flop) transitions between 
the distinct subdivisions. As we have mentioned before, the most relevant tachyon (smallest 
R-charge) is the dominant perturbation of the worldsheet theory, and correspondingly the 
dominant unstable direction from the point of view of the target spacetime (most negative 
M^). Thus the most relevant tachyon is most likely to condense, followed by the next most 
relevant tachyon and so on. In the C^/Ziv(p) cases, the Hirzebruch-Jung minimal resolution 
theory ensures that the final endpoint of this sequence of most relevant tachyons is a set 
of decoupled fiat space regions (see Appendix B). C^/ZAr(p_g) however has richer structure: 
the generic sequence of tachyonic perturbations leads to geometric terminal singularities as 
we have mentioned above. Furthermore, tachyons with different degrees of "tachyonity" , 
i.e. relevance of R-charge, give rise with different degrees of likelihood to resolutions which 
generically have distinct topologies. There is an interesting calculation that shows the rela- 
tion between the relevance (R-charges) of distinct tachyons and the N lattice volumes of the 
subcones resulting from the subdivisions corresponding to those tachyons, i.e. the degree of 
singularity of the residual geometry. Let us begin with the cone C(0; ai, 02, ^3) correspond- 
ing to the unresolved C^/ZAr(p_g) singularity. Now add a lattice point Tj = (j, — [^f], "[^v]) 
corresponding to a tachyon Tj. Then the total volume of the three residual subcones after 
subdivision with the tachyon Tj is easily calculated: let V{eo; 61,62,63) denote the volume 
of a cone subtended by the vectors 61,62,63 with the vector 60 being the apex. Then (see 
e.g. figure 121) we have 

Vsubcones{Tj) = V {O] C^i, 6^2, C^s) " ViTj] Q^l, 6^2, "s) 

= ai ■ (a2 X as) - Uai - Tj) ■ (02 - Tj) x («3 - Tj)] =N-N{1- Rj) 
= NRj < N. (21) 

Now if we consider two tachyons Ti and T2 (as in figure |2I), such that Ti is more relevant 
than T2, i.e. 

R.<R., ^ = ^ + {f} + {f}- (22) 
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This implies 

This shows that given a singularity, condensation of a more relevant tachyon locally leads 
to a less singular partial resolution. For instance, imagine that the less relevant tachyon T2 
begins to condense (figure [T]): if left unperturbed, the singularity will decay and settle down 
to the resolution with three decoupled sub-singularities with total volume Vsubcones(T2) of 
the three corresponding subcones. However, in the process of decay, if a small fiuctuation 
causes condensation of the more relevant Ti, this will dominate over the earlier blowup 
causing a flip transition that dynamically forces the singularity to settle down to the less 
singular resolution with volume Vsubcones(Ti) < Vsubcones(T2) . From the point of view of 
the toric diagram, condensing the tachyon Tj by blowing up the corresponding divisor is 
associated with adding the corresponding lattice point (and the ray thereof) and subdividing 
thereby. Likewise blowing down a divisor corresponds to removing its associated ray and 
the subdivision thereof. In this language, a fiip transition can be thought of in a manner 
similar to a fiop: as a blowdown combined with a blowup, except that in this case there is 
an associated potential hill owing to the fact that relevant operators are at work here (we 
remind the reader that a fiop consists of truly marginal deformations lying on the moduli 
space of supersymmetric string vacua). For instance in figure ^ endpoint 1 is less singular 
than endpoint 2: thus there is a potential hill for the fiip transition 2 — > 1. 

For either partial resolution, the residual subcones generically have further tachyons 
themselves, i.e. the resulting system is itself unstable to tachyon condensation. Thus iter- 
ating the above argument sequentially suggests that sequential condensation of the most 
relevant tachyons (instead of condensation of generic tachyons) is what leads to a decoupled 
set of residual singularities that is as fiat as possible, i.e. with minimal total volume Vsubcones 
for the entire set of subcones. However the local argument for the inequality above does 
not shed light on the global question of whether sequentially condensing the most relevant 
tachyon indeed leads to the least singular endpoint, i.e. whether the resulting stable singu- 
larity (with no further tachyons) has minimum total N lattice volume Vsubcones- 

The Smith normal form 

Let us now ask what the structure of the residual singularities is. For instance (see figure |21) 
we obtain the three decoupled subcones C(0; Ti, ai, 0:2), C(0; Ti, 0^2, as), C(0; Ti, 03, ai) as 
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the endpoint of the condensation of the first tachyon, say, Ti. Each of these residual sub- 
cones represents a new orbifold confornial field theory (decoupled from the other theories 
corresponding to the other subcones) which itself generically contains further tachyons. In 
general, such a residual subcone, defined by three lattice points, is an orbifold singularity 
whose associated group is determined by the lattice points. Abstractly, it is easy to say what 
the group is: the three lattice points generate a subgroup M of the standard lattice Z^, and 
the quotient group Z^/M coincides with the orbifold group F. By a standard theorem in 
abstract algebra [21|, such a quotient group can always be written as a direct sum of cychc 
groups. 

Concretely, the group F associated with such a singularity can be calculated efficiently 
by an algorithm which puts an integer matrix into the so-called Smith normal form. The 
integer matrix in question describes the inclusion of M into 1? (via a choice of generators), 
and the Smith normal form algorithm produces a new choice of generators which makes the 
structure as a direct sum of cyclic groups manifest (as well as indicating the group action 
for each of the summands). This is best illustrated by an example. For a given subcone, say 
C(0; Ti, 0^2, as), consider the matrix formed by juxtaposing the column vectors Ti,a2,a3 
representing the subcone vertices and performing the following set of elementary row and 
column operations on it to eventually obtain a diagonal matrix 

/ 1, n n \ / 1, n n \ / 



Ji 



m 1 



v-[ 



Jig ] 

N J 




1 



V 



Jl 



m 1 









ly 



V 



Ji 
1 
1 



\ 



/ 



(24) 



We have performed the operations T\ -|- [^]a2 and T\ -|- [^]a2 + ['^Icts on the first 

column, in the first and second step here. This then corresponds to the singularity Zj^, with 

action (1, [^], [^]) on the three coordinates represented by the vertices Ti, a^-, as. 

More generally, begin with the matrix formed by juxtaposing the column vectors f i, f 2, f 3 G 

TI? representing the vertices of a given subcone C(0; fi,f2,f3) and perform elementary row 

and column operations'^ to obtain a diagonal matrix diag[(ii, (i2, c^s], with d'^\d2\d\^ as the 

Smith normal form of the original matrix: this corresponds to a Z^^ x Z^^j x Z^g singular- 

^^These consist of: (1) multiplying a row (column) by (-1), (2) adding an integral multiple of one row 
(column) to another, (3) interchanging rows (columns). 
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ity.^^ The Smith normal form algorithm^^ essentially executes GL{3, Z) transformations^^ 
on the lattice vectors as well as on the lattice basis itself: column operations change the 
lattice vectors while row operations are simply a change of basis of the lattice which thus do 
not affect the relations between the lattice vectors (and therefore the structure of the orb- 
ifold action). Note that generically both column and row operations are required to obtain 
the Smith normal form, putting the lattice vectors describing the orbifold into canonical 
form. As another example, consider the following matrix which appears for the subcone 
C(0;T2,ai,a2)inCVZn (1,2,7) 



/ 



V 



11 



10 2^ 




f 11 2 ^ 




/ -3 2 ^ 




/ -3 


2 1 
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7 -1 y 




^ -7 -1 J 




I -1 J 




^00- 



\ 



V 



.(25) 



We have performed the column operations ai + 2a2 and ai + 2a2 — 7T2 on the first column, 
in the first and second step here, followed by a row operation ri + 2r3 in the third step. 
This thus corresponds to a Z3 (—7,1,2) singularity (the orbifold actions are on T2,ai,a2 
respectively), which is the same as Z3 (—1,1,2). We will find more intricate use for this 
algorithm in what follows. 

There is an alternate equivalent way of realizing the orbifold action, which is to find a 
linear combination of the vertices in question that is itself a vector in the lattice generated 
by the vertices. As an example, it is clear from our first example above that the vector 
^(Ti + [^]a2 + [^]«3) = (ljO,0) is clearly a lattice point itself: from this we read off 
the orbifold action to be Z^-^ (1, [^], [j^]) as above. In the second example above, we have 
— 1(— 7T2 + «! + 2^2) = (I5 0, 0) as a lattice vector, giving Z3 (—7, 1,2) = Z3 (—1, 1, 2) as 
above. 

It is important to note that the vector that arises as the linear combination in the Smith 
normal form is only defined up to linear combinations of integral multiples of the original 
lattice vectors. 



^^The fact that this can always be done is the well-known structure theorem for finitely presented abelian 
groups pi] , 

^^It is useful to note that the command ismith in Maple performs the Smith algorithm. 

^^GL(3, Z) consists of 3 x 3 matrices with Det = ±1: the determinant condition is equivalent to requiring 



the entries of the inverse matrix to be integral. 
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Renormalization of subsequent tachyons within subcones 

As mentioned previously, a tachyonic chiral operator that condenses breaks the full Af = 
(2, 2) worldsheet supersymmetry down to the subgroup preserved by the ring it belongs 
to (say {cx,cy,cz))- Furthermore, the residual theories arising at the endpoint of con- 
densation of a given tachyon have different R-symmetries from the original conformal field 
theory. Thus the R-charges of the subsequent tachyons remaining in the residual geometries 
get "renormalized" after a given tachyon has condensed, the specific renormalization of a 
particular subsequent tachyon depending on which of the three decoupled subcones it lies 
within. A subsequent tachyon in a residual subcone is a chiral operator with respect to the 
R-symmetries preserved by that subcone. In figure |21 for instance, the subsequent tachyon 
T2 lies in the subcone C{0; 02,(^3, Ti). It is then easy to see that the R-charge of T2 is 
in general different, since its geometry relative to the affine hyperplane ^subcone (the plane 
passing through the subcone vertices Ti, 02, as) is different from before. Since As„fecone dips 
inwards, in other words away from the original Acone, a subsequent tachyon is always closer 
to /S.subcone (corrcspoudiug to the subcone it lies within). Thus the renormalized R-charges 
of subsequent tachyons are always greater than their prior values. 

This renormalization of the R-charge can be calculated by studying the geometry of 
the subsequent tachyon in question relative to the subcone it lies within (the expressions 
appearing below can be checked for agreement with R'f^ = a + h + c calculated for T^ lying 
in a subcone in the next section on Type II theories). The equation describing an afiine hy- 
perplane /S.subcone passiug through three lattice points vi = {xi,yi,zi),V2 = (3:2,1/2, ^2), "^s = 
(xs, 1/3, 2:3) can be written as 



^A..6con.(a;, y, z) = = 1, D{x, y, z) = det 



I X y z ^ 



.(26) 



X2 -Xi 2/2 - 2/1 Z2 - Zi 

y 0:3 - a;i 2/3 - yi Z3 - zi j 

This has been normalized so that a lattice point lying on Asufecone corresponds to a marginal 
operator with R-charge Rj = ^As„j,eone(^i;%; -^i) — du'^^'I) = 1- To illustrate this expres- 
sion, consider the subsequent tachyon T2 in the residual subcone C(0; Ti, 02, as) in figure |21 
Then the renormalized R-charge of T2 after Ti has condensed can be read off from the equa- 
tion describing Asubcone through Ti,a;2,a3 (simplifying the above expression using (fTSj) for 
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the R-charge) as 

fli = i.MT.) ^ 311 = fl. + i (l - fl.) = «. [l + I ii^] . (27) 

Similarly, the corresponding expressions for the renormalized R-charge if the subsequent 
tachyon T2 lies within the residual subcones C(0; Ti, ai, 0:2) or C(0; Ti, as, ai) in figure |21 
are 




(2^ 



It is easy to see that since we are considering tachyons, we have i?i < 1 so that R2 > R2 
always. In the examples below, we will illustrate this fact with several subsequent tachyons 
that become marginal or near- marginal or irrelevant. 

We now present a Type example describing the tachyons therein and the toric blowups 
thereof. It is useful to keep in mind the supersymmetric C'^/Zn (1,3, —4) orbifold that is 
studied in some detail in 



Example C^/Zi3 (1,2,5): See figure 01 The most relevant tachyon in the Type 
theory in this example lies in the {cx,cy,cz) ring and is Ti = (]^j ^j ^) with R-charge 
-Ri = ^. This ring also has the tachyons T3 = (^, ^, ^) and Tg = (^, ^, ^) with 
R-charges R^ = ■^ and /?§ = yI respectively. In the toric fan (with vertices ai = 
(13, —2, —5), 0^2 = (0, 1, 0), as = (0, 0, 1)), these tachyons correspond to the lattice vectors 
Ti = (1,0,0), Ts = (3,0,-1), Tg = (8,-1,-3). As can be seen from the volumes below 
(or otherwise), Ti and Ts are coplanar with as while Ts and Tg are coplanar with ai. For 
convenience, we note down here the volumes of some subcones that arise in the subdivisions 
we will describe below 

V{ai, Ts, Tg) = V(as, Ti, T3) = 0, \/(a2, as, Ti) = ^(Ts, Ti, Tg) = V{ai, Ti, Tg) = 1, 

V{ai, a2, Ts) = V{ai, as, Ti) = 2, V{ai, as, Tg) = 3, V{ai, a2, Ti) = 5, 

V^(as, Ti, Tg) = V(ai, as, Tg) = V(a2, T3, Tg) = ^(as, Ti, T3) = 1 (29) 

Let us first consider the subdivisions shown by the solid lines which correspond to sequen- 
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(0,0,1) 




(13,-2,-5) 



(0,1,0) 



Figure 4: C'^/Zi3 (1,2,5) : The three points defining the affine hyperplane A are shown, 
along with the three tachyons Ti,T^,Ts and two distinct sequences of subdivisions. The 
sohd fines correspond to tfie sequence of most relevant tacfiyons. 



tially blowing up tfie most relevant tacfiyon, i.e. tfie sequence Ti, T3, Tg: tfiis gives tfie 
total volume of tfie subcones to be 6(1) + 2, wfiicfi is smaller and tfius will dynamically give 
rise to a flip transition. Let us consider tfiis sequence in more detail: tfie first subdivision 
by Ti gives tfie tfiree subcones C(0; 03, Ti, ^2), ^^(0; Q;i,Ti, ^3), C{0;ai,a2,Ti), wfiicfi by 
tfie Smitfi normal form are respectively flat space, Z2 and Z5 (1,2, —3) singularities. Alter- 



natively it is straigfitforward to realize tfie combinations 
and 



-«! — 2^2 + 13Ti 



(0,1,0) 



i(— ai — 5(3^3 + 13Ti) = (0, 1,0) as vectors in tfie lattice: tfiese imply tfiat tfie sub- 
cones C(0; ai, 0:2, Ti) and C(0; ai, Ti, a^) are respectively Z5 (1, 2, —13) = Z5 (1, 2, —3) and 
Z2 (1, 5, —13) = Z2 (1, 1, —1) singularities (sfiifting by multiples of tfie corresponding lattice 
vectors). Tfius tfie tfiree decoupled residual geometries after tfiis subdivision by tfie most 
relevant tacfiyon Ti include a terminal singularity along witfi a supersymmetric orbifold 
witfi only marginal blowup modes {i.e. no relevant blowup modes). Using (J27jl and ()28|1 . we 
can calculate tfie renormalized R-cfiarges of tfie subsequent twisted states as 



R3 = ^A^^T {T3 






R's = -^Aiar {Tg 



D^'^iTs 



(30) 



Tfie R-cfiarges can also equivalently be calculated directly by realizing tfiat tfie correspond- 
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ing plane is described by x + y + 2z = 1 and using this to see that the erstwhile tachyons 
now lie on this plane. 

On the other hand, choosing a different sequence of tachyons by which to fully sub- 
divide the cone gives rise to different fans of subcones. For instance, the dotted line in 
figure E] shows a subdivision corresponding to the sequence T3, Tg, Ti. From the com- 
binations |(a3 -|- T3) = (1,0,0), |(13T3 — 20:3 — 3ai) = (0,1,0) and |(— 3ai — 60:2 + 
I3T3) = (0, 0, 1) of the lattice vectors, we see that the subdivision by T3 gives the sub- 
cones C(0; 02, "3, T^), C{0; T3, a^, ai), C(0; ai, aa, ^3), to be Z3 (0, 1, 1), Zg (13, -2, -3) = 
Zq (1,-2,-3) and Z2 (-3,-6,13) = Z2 (1,0,1) singularities respectively. Further it is 
easy to see that Ti = |(T3 -|- 0:3) and Tg = ^{T^ + ai) : thus Tg becomes marginal after 
the blowup by T3 while Ti acquires the R-charge -R'^ = | > ^. One can now subdivide by 
the remaining relevant tachyons to obtain the total volume of the subcones to be 6(1) + 3 
(from the list of volumes above): this is greater than the corresponding total volume in the 
most-relevant-tachyon subdivision, as we saw in general earlier. 

5 Type II theories and all-ring terminality 

As in the Type theory (see Sec. 2), there are eight rings of operators (anti-)chiral under each 
of the three copies of the Af=2 superconformal algebra, in four conjugate pairs. The chiral 
GSO projection for Type II C^/Ztv theories preserves spacetime fermions and eliminates 
the bulk tachyon of the untwisted sector: further it acts nontrivially on these twist fields 
representing tachyons localized to the singular orbifold subspace, projecting out some of 
them. We will now describe the structure of the various rings in Type II theories in more 
detail. Unlike the supersymmetric C^/Zjv(p,-p-i) orbifolds where all the Rj = 1 twisted 
states in the {cx,cy,cz) ring, which comprise all the blowup modes of the singularity, are 
preserved and operators in the other rings are projected out, the chiral GSO projection for 
nonsupersymmetric orbifolds retains some localized tachyons in each ring, as we describe in 
greater detail below. 

We recall (Appendix A) that for an orbifold C^/Zjv {ki, ^2, ^3) to allow a Type II chiral 
GSO projection admitting spacetime fermions, we must have J2i ^i = even. Localized closed 
string tachyons arise in those twisted sectors for which the action on the twist field operators 
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is given by 

x; ^ x; (-1)^1, (31) 

where the GSO exponent Ej depends nontrivially on the twist sector j as well as the 
specific (anti-)chiral ring r that the twist field belongs to. From Appendix A. 2 (see e.g. 
eqns. (jHTj) ()88|l ). the GSO exponents in Type II theories for twist field operators in the 
various rings of a C'^/Zjv {ki,k2,k^) orbifold are 

E, = E[§]. ; = 1.....A'-1 

i 

= odd, Xj e {cx,CY,cz),icx,aY,az),{ax,CY,az),{ax,aY,cz) 

= even, Xj e {cx,CY,az),{cx,aY,cz), {ax,CY,cz),{ax,aY,az) (32) 

For example, a (cx, cy, cz) -ring twist field operator (in the (—1, —1) picture) 

^. = n ^'mm = n ^ow^} e^^^-'^'/^"^-^'), (33) 

has its conjugate field 

3 3 3 

^i = 11 (^{jki/N})* = 11 (^{-(7V-j)fe,/iV})* = 11 (^I_{(7V_j)fc,/Ar})*, (34) 

1=1 i=l j=l 

which"*^^ clearly lies in the (X — j)-th twist sector in the conjugate ring {ax,ciY,ciz). Now 
it is straightforward to see that if Xj is preserved, so is its conjugate field in the conjugate 
ring: 



-. - E[§ 



odd 



Ex-j 



XJ 



E[^^^^]-E^-.-Em--^.-3-ven. (35) 



Similarly for the other rings and their conjugates. 

As we have briefiy mentioned in Sec. 2, there is a convenient notation that can be used 
to study and label twist operators in the various rings. To illustrate this, note that twist 
operators in the (cx, cy, a^)-ring can be rewritten as 

^j ~ ^{Jki/N} ^{jk2/N} [-^i-{jks/N}) - ^{jki/N} ^{jk2/N} [-^{-jka/N}) ) l^^OJ 



"'^^We recall that {x} = x —[x] denotes the fractional part of x, with [x] the integer part of x (the greatest 
integer < x). By definition, < {x} < 1. Note that, for m, n > 0, we have [^p] ~ ~[^] ~ 1 and therefore 

f —m 'x m r — rrt 1 -i / IZi 1 

l-nJ n <- n J ^ n i' 
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which resemble twist operators in the {cx,cy,cz) ring of the orbifold C^/Zat {ki, k2, —k^) 
with X^ -^ (X^)* : indeed the R-charges of the operators are identical while the condition 
on their GSO exponents 

(37) 



Eif^ 



^. = 1. V 



even 



can be re-expressed as 



771 cca 



'jki' 

[ N \ 


+ 


'jk2 


+ 


r j^3i 

[ N \ 



Ej + 1 + even = odd, 



(38) 



cca 
J 



SO that as expected for a {cx,cy,cz) ring operator, the corresponding GSO exponent E 
is odd. As another example, the (ax, ay, cz) ring of C^/Z^r (fci, A;2, ^3) can be expressed as 
the {cx,cy,cz) ring of the orbifold CVZjv (-^1,-^2,^3) with X^ ^ {X^y,X^ -^ (X^)* . 
Generalizing, we see that operators in non-(cx, cy, c^) rings of the C^/Zjy (/ci, A;2, /cs) orb- 
ifold can be expressed as (cx, cy, cz) ring operators of a corresponding orbifold with related 
weights. This interrelation between the structure of the various rings can be exploited to 
rewrite the GSO exponents for preserved twist operators in the various rings more conve- 
niently, so that they are uniformly odd as expected for the re-expressed {cx^cy^cz) ring 
operators. We will find this rewriting of the GSO exponents particularly convenient to use 
when we discuss all-ring terminality (see e.g. eqn. (J3T|) ). 



The GSO projection for subcones and residual tachyons within 

We now come to the question of studying the geometry of subcones in greater detail, in 
particular in the light of the chiral GSO projection for Type II theories^^. Consider con- 
densing a GSO-preserved twisted state Tj = {j,—[^],—[^]) = {j;i,{^}y{^}) in a Type 
II C^/Zx(p,g) orbifold. Then the chiral GSO projection requires that p + q = odd and 
[iv] ~^ [tv] ~ '^^^- "^^^^ gives three subcones C(0; Tj, 0^2, 0:3), C(0; Tj, ai, 0:2), C(0; Tj, as, ai), 
which are orbifolds of the general form C^/Z„ {r',p', q'). In general these are not isolated. 
As we have seen from (jUI), C(0; Tj, 02, ^3) is equivalent to the orbifold C'^/Zj (1, [^], [^]), 
the orbifold action being on the coordinates represented by Tj,a2,a3 respectively. This 
clearly admits a Type II GSO projection since r' + p' + q' = 1 + [^] -|- [^] = even. The 

^^The question of the Type II GSO projection for residual singularities has been studied in the codimension 
two case in e.g. ^lEl via the Landau- Ginzburg description of 0]. 
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other sub cones are somewhat harder to nail down in general but in large classes of cases it 
is possible to glean insight using the toric data. 

Consider the subcone C(0; Tj, a^, ai): using the Smith normal form or otherwise, we see 
that the vector 



:i,o,o) 



1 






3Q_ 

N 

3P' 

N. 



as) - 
"1 + {p 



JP 

Ni 

.N 



(«! + gas) 



-Q 



3P_ 



m, 



(39) 



is in the original lattice, showing that the subcone C(0; Tj, 03, ai) is equivalent to the orbifold 

cVz„s,(P,-|fl.Hfl-dfl), 

the orbifold action being on the coordinates represented by Tj,ai,a3 respectively. It is 
important to note that such a linear combination of lattice vectors Tj, ai, 0:3 giving a vector 
in the original lattice is only defined up to adding integer multiples of the lattice vectors. 
Furthermore this vector is degenerate when any of the coefficients of T,-, ai, 0:3 vanishes: in 
this case, the subcone is non-isolated. Similarly, the existence and non- degeneracy of the 
vector 



;i,o,o) 



Nm 



qTj 



iNi 



"1 + (g 



Ni 



-p 



N 



m, 



(40) 



in the lattice shows that the subcone C(0; Tj, ai, 02) is equivalent to the orbifold 

cvz„,g,(«.-|fl,dfl-plfl), 

the orbifold action being on the coordinates represented by Tj, ai, a2 respectively. 

It is interesting to note, assuming validity of the Smith vectors (jHUj) (jlOI), that these resid- 
ual orbifold singularities admit a Type II GSO projection: e.g. using the linear combination 
(PUI) for the subcone C(0; Tj, 0:3, ai), we have 



r' + p' + q' = p — 



JP 

.Ni 



+ p 



3Q_ 

INi 



-q 



3P_ 

.N 



p ( 1 + odd — 



JP 

N 



3P_ 

VN. 



-Q 



JP 

N 



J_P 

Ni 



{1 + p + q) + even = even. (41) 



It is important to note that if the order N{^} of the discrete group of the subcone is 
odd, then a unit multiple of each of the lattice vectors Tj, 0:3, ai can be added to the vector 
(j2ni): in effect, this has shifted the orbifold weights by A^{^}, which changes the GSO 
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projection to Type if N{^} = odd. Similarly, we can use the linear combination pn)) for 
the subcone C(0; Tj, ai, 02)) to show that this subcone also admits a Type II projection. 

Now let us study subsequent twisted states lying in these subcones and the GSO projec- 
tion for them. Consider a sub-twisted state T^ = (fc, — [^y]; ~[lv]) — (f' i Iv }' i Iv }) ^^^^ ^^^ 
preserved by the original chiral GSO projection that was performed, i.e. 



rfcp-i 

LatJ 



+ 



LatJ 



odd. 



We can find the renormalized R-charge of T^ w.r.t. the R-symmetries of the subcone that 
it now lies in, as follows (see also the corresponding subsection in the previous section). If 
e.g. Tk G C(0; Tj, 0:2, as), we can write T^ as a linear combination of the new lattice basis 
vectors 



n 



aTj + ha2 + cas. 



I.e. 



k,- 



'kp' 


1 


'kq' 



a J, - 



3P 

IN 



N 



which can be solved to give 

R'k = (a-, b, c) 



Similarly, if Tk G C(0; Tj, 0:3, cti), we can write 
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I J PI 




'kp' 
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IJQl 




'kq' 
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iNi 




INi 
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iNi 




INi 



+ 6(0,l,0) + c(0,0,l), (42) 



(43) 



I.e. 



to get 



'kp' 

INi 
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'kq' 

INi 



aTj + bai + ca^. 



a[J 



3P 

N. 



N 



)+6(iV,-p,-g)+c(0,0,l), (44) 



n,-ya,o,c) y^^^, ^ iV{|}' XnI ^ N I {f} 
Likewise if Tk G C(0; Tj, ai, 02), we can write 



(45) 



Tk 



I.e. 



k,- 



'kp' 

iNi 


5 


'kq' 

iNi 



to get (essentially p ^^ q) 



R'k^{a,b,c) = (^ 



aTj + bai + ca2. 



a J, 



JP 



NT INi 



jq 



+ 6(iV,-p,-g)+c(0,l,0), (46) 



ill A_Aiil /^\_/^\i5l 
{f}' N Nmy \Ni \Ni{m 



(47) 



In all of the above cases, if < a, 6, c < 1, then Tk is an interior lattice point in the subcone 
in question. Furthermore if a + 6 + c< 1, then Tk is tachyonic. 
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Let us now study the exponent required for the GSO w.r.t. the sub-twisted state T^. 
From Appendix A we recall that for a twisted state T^. with R-charge Rk = {ri, r2, r^) in a 
C^/Z„ {ki^k2,k^) orbifold, the Type II GSO exponent (jM|) in question can be written in 
terms of the H-shifts Oj = odd integers as 



E 



E 



aiTi 



with Oj = odd, satisfying y. o^i^i = (mod2ra) 



(4J 



Since the original cone is a Type II orbifold singularity, we have p + q = odd: further- 



more, since Tj is preserved, [^] + [ 



21] 

Ni 



odd. Now consider T^ G C(0; Tj, 0:2, as) = 



C^/Zj (1, [^], i^])- Then we require a, = odd satisfying ai + a2[^] + a^l^] = {mod 2j): 
this is solved by ai = [^] + [^], 02 = as = — 1, each of which is odd. Then we have 
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3P_ 

N. 



+ 



3J_ 
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'kq' 


)- 


'kp' 
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'kq' 



(49) 



which is the same as the original GSO exponent for the state T^. Thus a sub-twisted state 
that was preserved by the original GSO, i.e. E = [-^] + [-^] = odd remains preserved after 
the subdivision by Tj. Similarly if T^ G C(0;Tj, as, "i) = C^/^ati^s} (p, -Vn],pVn\ "^[tv])' 
we require a^ = odd satisfying aip — a2[^] + aspl^] — ci^ql^] = {mod2N{^}): this is 
solved by ai 






[§],a2 



p - g, as 
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1, each of which is odd. Then we have 



'kp' 

iNi 
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'kq' 

iNi 



j + even, 



(50) 



and likewise for the case Tk G C(0;Tj, ai, 0^2) = C^/^Tvjii} (^' "[^vl'^tTv] ~ P[^])- 

Thus this proves that originally preserved sub-twisted states continue to be preserved 
after condensation of a preserved twisted state for each of the three subcones. It is impor- 
tant to note however that our proof really only holds for the cases where the subcone in 
question is in fact the orbifold determined by Smith normal form as above. Indeed as we 
will see in the examples to follow, condensation of a tachyon in an isolated orbifold does 
give rise to residual non-isolated singularities with some sub-twisted states lying on a wall 
of one or more of the subcones. In such cases, the above expression of the Smith normal 
form that we have used could potentially break down, although in specific examples, it is 
straightforward to analyze the singularity directly. On this note, it is important to realize 
that an orbifold C^/Zat (fci, A;2, fcs) can be written in canonical form C^/Zat (l,p, g), only 
if at least one of the fcj is relatively prime to A^, i.e. gcd{ki,N) = 1 for some fcj, in which 
case the orbifold has a chance of being isolated. As an example, the non-isolated orbifold 
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'C? jTL^ (2,2,3), which cannot be expressed in canonical form, cannot be a Type II orbifold 
since ^^ ki = 1 = odd. Although the proof above does not shed general light on whether 
an orbifold such as this can arise under condensation of a localized tachyon in a Type II 
orbifold, this seems unlikely: in particular, we have not found any Type II example where 
a residual singularity does not admit any Type II GSO projection. 



All-ring terminality 

Given the structure of the chiral GSO for the various rings that we have described above, it 
is interesting to ask if the chiral GSO projection allows geometric terminal singularities to 
exist as physically sensible Type II theories that admit spacetime fermions projecting out 
the bulk tachyon. As we have seen, the orbifold C'^/Zat [l,p,N — p) with A^ = odd and 
p,N coprime is a geometric terminal singularity with all twisted states in the {cx,Cy,Cz) 
ring being irrelevant (see the example in Sec. 2): this can also admit propagation of Type 
II strings, since Yl^i = 1 + N = even implies that the bulk tachyon can be GSO projected 
out. 

However, this does not preclude the existence of GSO-preserved tachyonic twisted states 
in the other rings. Indeed while these will not be chiral deformations of the theory, they are 
nonetheless blowup modes which metrically smooth out the singularity. Thus in order to 
study the physical existence of terminal singularities, we must look for preserved relevant 
operators arising from any of the various rings. 

To study all-ring terminality, it is sufficient for convenience to label distinct orbifolds of 
the form Z^v (l,p, g) by restricting to the case p,q > 0. In this notation, the {cx,cy,cz) 
ring of the familiar supersymmetric orbifold is recognized as that ring of the orbifold 
C^/Zat (1,P, q) such that 1 + p — q = {mod N), orl— p + q = {mod N). 



Then for the j 
GSO exponent 

E = 

E = 



1 sector in some ring to be preserved, we require the corresponding 
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(51) 



to be odd. From the above, we see that the j = 1 state survives in the {cx,CY,az) and 
{cx,aY,cz) rings. These have the R-charges (-^,-^,1 — -^) and (;^, 1 — x''n^- ^'^^ ^^^ 
orbifold to be "string-terminal", it is necessary (but not sufficient) to have these surviving 



33 



j = 1 states be irrelevant: 

- + ^ + l-^>l, l + l-^ + ^>l, (52) 

N N N ' N N N ' ^ ' 

i.e. we want 1 + p > q, 1 + q > p. This gives p > q — 1. 

Now recall that to admit a Type II GSO projection, we require p + q = odd. This implies 
that p ^ q (since, as we have mentioned above, including all rings of the theory, it suffices^^ 
to consider p,q > 0). We can assume without loss of generality that p < q. This gives 

q — 1 < p < q, (53) 

which has no solution for integer p,q > 0. 

This shows that Type II all-ring terminality is not possible whenever the orbifold action 
is written in the canonical form {l,p,q) : this includes all isolated orbifolds. However, 
as we have mentioned in the previous subsection, the orbifold action (/ci, A;2, /cs) for non- 
isolated singularities (as before, restrict to ki > 0, since all rings are being considered) 
can be cast in the form {l,p,q), only if at least one of the ki is relatively prime to N, 
i.e. there exists some / such that {^} = 1 for some ki. Note however that for a strongly 
non-isolated singularity, there is no ki coprime with A^, i.e. there always exist some /j such 
that {^} = 0, for i = 1,2,3 : such twist sectors are likely to be the minimum R-charge 
sectors, i.e. the sectors where some ring is likely to have a tachyon. Therefore, without loss 
of generality, assume {^^} = 0. Then the R-charges for the corresponding states from the 
(cx, cy, cz), {cx, cy, az), {cx, aY, cz), (cx, aY, az) rings are 



-r-{t}^{|}. 



Ik2\ (Ik 

N } \ N 

//C2 1 f Iks 



'^^ =lAfU' LTV 

with the corresponding GSO exponents being Ei for the (cx, Cy, Cz), {cx, aY, az) states and 

Ei + 1 for the (cx, cy, az), (cx, ay, cz) states (upto even integers, which do not affect the sign 

^^Note that, e.g. shifting one of the orbifold weights by iV = odd, is already taken care of by including all 
rings. 
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of the exponent). Notice that these look hke the corresponding expressions for codimension 
two. Now if El = even, the {cx,CY,cz),{cx,aY,az) states are projected out, and we 
require for string-terminahty that the GSO-surviving states are irrelevant, in other words, 

which strict inequality has no solution. Similarly, if Ei = odd, then we require for string- 
terminality that Rf'^'^, Rf"'"' > 1 : again it is straightforward to show the absence of any 
solution. Similarly if {-j^} = 0, for i = 2,3. Equality in these expressions indicates the 
appearance of marginal states, which can of course resolve the singularity. This shows that 
there are always tachyonic or marginal operators that arise in such sectors. 

This negative result for string-terminality shows that the endpoints of condensation of 
all tachyons in Type II nonsupersymmetric unstable C^/Zat orbifolds are always smooth 
spaces. In other words. Type II string propagation in four noncompact dimensions always 
resolves potential orbifold terminal singularities. 

Along these lines, it is also interesting to ask if there are all-ring terminal C^/Zjv (1,P, q) 
singularities in the Type theory. In this case, all twisted states in all rings are preserved 
by the diagonal GSO projection. Then consider the J = 1 sector as before. It is necessary 
that the j = 1 states be irrelevant for terminality. We therefore require that the R-charges 
for the corresponding states in the various rings satisfy 

1 p q 1 p a 

n + n + n'-'^ iV + iV + ^-iV>^' 

- + l-^ + ^>l, l + l-i^ + l-^>l. (56) 

N N N ' N N N ^ ^ 

These simplify to give 

N-l<p + q<N + l, l+p>q, 1 + q > p. (57) 

Now ii p < q, then as before we have q — 1 < p < q, which is not possible for integer p,q > 0. 
Therefore consider q = p. Then we have A^ — l<2j9<A^ + l. IfiV = odd = 2/ + 1, we 
have 21 < 2p < 21 + 2, which is not possible for integer p, / > 0. If A^ = even = 21, we 
have 2/ - 1 < 2p < 2/ + 1, which gives p = I = f. This is the orbifold C^/Zn (1, f , f ). 
In this case however, the j = 2 twisted state, if it exists, has R-charges (-|:,0,0), which is 
irrelevant only if A^ < 2 : this however does not give any nontrivial orbifold. Therefore the 
j = 2 state does not exist, i.e. N = 2. Thus the only isolated all-ring terminal singularity 
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is C^/Z2 (1, 1, 1): the only twisted states, coming from the J = 1 sector, are irrelevant in all 
rings since the corresponding R-charges satisfy 

/ N 111. 

{cx,Cy,Cz): 2^2^2^ ' 

1 1 1 

{cx,CY,az): 2^2^^~2^^' 

{cx,aY,cz): 2'^^~2^2^^' ^^^^ 

1 1 1 

{cx,aY,az): - + !-- + !--> 1. 

Note that C'^/Z2 (1, 1, 1) does not admit a chiral GSO projection since ^ /ci = odd : thus 
it does not admit propagation of Type II strings. 

Given all this, we expect the following: physically in a given unstable (UV) orbifold, the 
most relevant tachyon(s) will belong to one (or more) of the (anti-)chiral rings. When this 
condenses, it creates an expanding bubble of flat space blowing up the divisor it corresponds 
to. Metrically we expect that this most relevant tachyon pulse will trigger condensation 
of all tachyons within the same ring, since they preserve the same fraction of the original 
J\f = (2, 2) supersymmetry. The endpoint of condensation of all tachyons within this ring will 
in general include geometric terminal singularities. However as the nonexistence proof above 
shows, these will contain further nonchiral blowup modes which will metrically smooth out 
the corresponding singularities. 

We describe some Type II examples below. 
Example C^/Zi3 (1,2,5): Recall the Type example we discussed earlier (figure IH): the 
most relevant tachyon T^^'^ = (]^' B' ^) ^ ^ belonged to the {cx,cy,cz) ring. We saw 
there that the endpoint of the most relevant tachyon sequence included the all-ring terminal 
singularity C'^/Z2 (1,1,1). As we have seen above, this does not admit a Type II GSO 
projection so that tachyon condensation in this Type theory cannot result in a Type II 
theory. 

On the other hand, C^/Zi3 (1, 2, 5) itself admits a consistent Type II GSO projection. 
In this case, it is straightforward to see that Tf^^ above is in fact GSO-projected out. Of the 
GSO-surviving tachyons, there turn out to be two distinct tachyons with the same R-charge 
R= j^ : these are T2^'^ = (^, ^, ^) and T§^"- = (^, ^, ^), belonging to the {cx, cy, az) 
and (cx, ay, clz) rings respectively. The subdivisions thereof and the endpoints of tachyon 
condensation for either of them condensing alone are straightforward to work out. On the 
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(0,0,1) 




(23,-4,11) 



(0,1,0) 



Figure 5: C'^/Z23 (1,4,-11) : The three points Q;i,Q;2,a3 defining the affine hyperplane 
A are shown, along with the five tachyons T2,Ti,Ts in Type II. The solid lines show the 
subdivisions corresponding to the sequence of most relevant tachyons while the dotted lines 
show some possible fiips. 

other hand, the methods we use fail if both condense simultaneously: condensation of such 
mixed tachyons breaks A/" = (2, 2) worldsheet supersjTiimetry. 

Example C'^/Z23 (1,4,-11): See figure We consider the Type II theory here: the 
{cx,cy,cz) ring tachyons Ti = (j^,^,^), T2 = (^,^,4), Tg = (^,^,^), with R- 
charges i?i = ||, R2 = ^, -Rs = H respectively survive the chiral GSO projection. While 
there are GSO-preserved tachyons in the other rings, the most relevant tachyon in this 
theory in fact is Ti above, from the {cx, cy, cz) ring.^^ The vertices of the affine hyperplane 
of marginal operators are ai = (23, —4, 11), 02 = (0, 1, 0), as = (0, 0, 1) while the tachyons 
correspond to the lattice vectors Ti = (1,0,1), T2 = (2,0,1), Tg = (8,-1,4). Ti and T2 
are coplanar with 0:3. The volumes of some sub cones are 



4, 1^(02, as, T2 



y(ai, ^2, T's) = V{ai, T2, Ti) = ^^(^3, "i, ^i 

K(a3, Ti, Ts) = V{a2, 03, Ti) = V{a2, Ti, T2) = V{Ti, T2, Tg) = V{ai, 02, T2 

V{a2,T2,Ts) = 0, V{a2,a3,Ts) = V{a3,ai,T2) =8, 1/(^3, ai, Tg) = 9. 



2, \/(ai,T2,T8) = l, 



(59) 



^*One could, if one so wishes, define the orbifold action so that the most relevant tachyon lies in the 
{cx,CY,cz) ring. 
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As before let us analyze the sequence of most relevant tachyons, i.e. T2,Ti,Ts. Conden- 
sation of T2 gives the residual subcones C{0;ai,a2,T2), C(0; T2, 02, ^s), C'lO; ^2, 0:3, ai), 
which correspond to flat space, Z2 (1, 0, —1) and Zg (23, —1, —2) = Zg (1, 1, 2) singularities 
respectively, using the Smith normal form: alternatively this can be seen by realizing the 
combinations |(T2 — a^) = (1, 0, 0) and |(23T2 — 03 — 2ai) = (0, 1, 0) of the lattice vectors 
(shifting by integer multiples thereof). Since Ti = ^{T2 + a3), it is clear that Ti is marginal 
after condensation of T2. It is straightforward to work out the twisted states of these residual 
orbifolds and map Ti onto the corresponding new twisted sector (it is important however 
to be careful in finding the correct Type II projection for the residual orbifolds which is 
consistent with the original theory). On the other hand, the subsequent tachyon Tg with 
renormalized R-charge 



D^^^iTs) 21 



11 



9 1- — 
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fl^ = f.-ra = ^5^^ = ^[i + g^j=^>i (60) 

has become irrelevant after T2 condenses! In fact, we have Tg = |T2 + |ai + ^a^, i.e. one of 
the coefficients is greater than unity. In figure the solid lines correspond to the sequence 
of most relevant tachyons, while the lightly shaded lines correspond to the subdivision by 
the now irrelevant Tg. The total volume of the subcones with this sequence of subdivisions is 
Vtotai =8 + 2 + 1 = 11. We can now only subdivide by the remaining now-marginal operator 
Ti since Tg being irrelevant does not affect the conformal field theory. Realizing the lattice 
vector combinations |(23Ti - 1603 - ai) = (0, 1, 0) and i(24T2 - 2Ti - 2ai) = (0, 1, 0), 
we see that the Ti subdivision results in the subcones C(0; Ti, 0:3, ai) and C(0; T2, Ti, ai), 
which are respectively Z4 (1, 0, 1) and Z4 (0, 1, 1) geometric terminal singularities (since the 
potential tachyons do not survive the Type II GSO projection). However we must realize 
that both of these are secretly supersymmetric Z4 (1,-1) singularities when twisted states 
in the other (anti-)chiral rings are taken into account. Thus the final endpoint of the most- 
relevant-tachyon sequence in this Type II theory includes only fiat and supersymmetric 
spaces. 

On the other hand, note that there are fiip transitions (shown by the dotted lines) if 
Tg condenses first followed by T2,Ti, landing up at distinct endpoints via condensation of 
different sequences of tachyons. Since T2 = i(Tg+Q;2), T2 remains relevant with renormalized 
R-charge | after Tg has condensed. The subsequent tachyon Ti has renormalized R-charge 
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R[ = i^r.riT,)= ^^^^)^'{ =- 1 + -^^ =4>^ ^61) 
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The total volume of the subcones in this case is Vtotai = 9 + 6(1) = 15 > 11, which verifies the 
fact that the most relevant tachyon sequence gives minimal total volume for the subcones. 

6 Conclusions 

We have studied condensation of localized tachyons in C^/Z^r nonsupersymmetric orbifolds 
via the worldsheet RG fiows induced thereby. We have seen that this generically leads 
to a set of decoupled residual geometries that include geometric terminal singularities, 
with no marginal or relevant Kahler blowups by which they can be resolved (although 
generic metric blowup modes generically do exist). Treated as geometric spaces, they thus 
admit no canonical resolution and the various possible distinct resolutions via condensation 
of distinct sequences of tachyons are sometimes related by fiip transitions. In general, 
the renormalized R-charges of subsequent tachyons in the residual geometries are higher 
than their previous values. Thus the residual geometries in general are more prone to 
becoming terminal singularities after tachyon condensation. For Type II theories with no 
bulk tachyon, we have shown that all-ring terminal singularities cannot exist, which shows 
that the endpoint of tachyon condensation in Type II unstable C^/Zjv orbifold theories are 
always smooth spaces. 

The calculations via toric geometry described in this paper are essentially a refiection 
of the physics underlying gauged hnear sigma models. In particular, topological twisted 
GLSMs may be reliably used to study tachyon condensation not simply at the endpoints of 
but all along the worldsheet RG fiow and map out the phase structure of two dimensional 
theories including tachyons. 

The methods we have used here are of course not powerful enough to study situations 
where, for instance, mixed tachyons (combinations of tachyons from distinct rings) condense 
simultaneously. In such cases, we lose control over the system because (2, 2) worldsheet 
supersymmetry breaks down. 

We now make a few brief comments on the physics seen by the worldvolume theory 
on a D-brane probe of a nonsupersymmetric orbifold. In general, closed string twist fields 
appear as Fayet-Iliopoulos D-term couplings in the D-brane probe theory [321 El El- Here, 
the closed string twist fields that are tachyonic condense in time and thus have a time- 
dependent expectation value, say of functional form Tit). Via the D-term equations, these 
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induce time-dependent Higgs expectation values for the bifundamental link fields of the 
quiver, which are then proportional to ^jT{t). For simplicity, let us assume that closed 
string tachyon condensation occurs so as to monotonically increase the condensate value 
T(t). Then the link field expectation values also increase in time. Consider a low energy 
observer on a D-brane probe who observes physics at energy E. Then the link field vevs 
increase monotonically in time so that the link fields are naturally integrated out in time 
from the point of view of the low energy observer, thereby leaving a residual quiver with 
fewer link fields and a less singular j3] orbifold.^^ 

It would be interesting to analyze the worldvolume D-brane gauge theories on C^/Z^r 
orbifold singularities and study their implications, in part with a view to constructing stable 
nonsupersymmetric string vacua. 
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A The GSO projection 

Our discussion of the chiral GSO is based on and generalizes that appearing in jTH [T21 El 
m El 121 HSI • We first outline a method to engineer the GSO projection based essentially on 
its action on the untwisted sector and consistency thereof with supersymmetric orbifolds. 



"'^^A (gauge-fixed) block-spin-like transformation that coarse-grains matrix representations of various D- 
brane configurations was studied in j88| . In particular 34 studied (in part along similar lines) a block- 
spin-like transformation on a simplified subset of quiver gauge theories that arise on the worldvolumes 
of D-brane probes of supersymmetric orbifolds by sequentially Higgsing the gauge symmetry using the 
bifundamental scalar link fields present in these theories. From this point of view, the image branes for a 
nonsupersymmetric orbifold naturally form "block-(image)branes" in time in the process of condensation 
of a localized tachyon. For instance, as the link Xij is integrated out below energies E, the images i and 
j form the block- (image) brane ij. The "upstairs" matrices of the image branes do not coarse-grain in the 
homogeneous fashion studied in \i'i\ 15^ . Instead row i and column j are deleted from the N x N matrix to 
get the {N — 1) x [N — 1) "upstairs" matrices of the residual orbifold. 
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Then we work out the RNS partition function and, by requiring modular invariance thereof, 
obtain the GSO projection. 

"Engineering" the GSO projection 

Here we outhne a method to engineer the chiral GSO projection for a Type II orbifold 
C^/Zjv {ki,k2,k3) with k^ not necessarily equal to one. We complexify the eight trans- 
verse untwisted fermions into ipi = 6^^% i = 0, 1,2,3. Consider a symmetry acting on the 
untwisted (complex) fermions and the twist fields via H^ -^ Hi + aiTC, i.e. 

X, ^ X, exp[m^a,{^}] =X, (-1)^^ (62) 

i 

This defines a (—1)'^^ Z2 action on the untwisted sector thus eliminating the bulk tachyon 
only if the a^ are odd integers. The action on the twisted states Xj is a well-defined Z2 if 
the exponent Ej is an integer. This GSO exponent can be written as 

i i i 

Thus Ej is integral if we have Oj = odd satisfying ^^ aj/cj = (mod 2N). Consider the case 
^j ki = odd. Then 

y ttiki = aiki + 02/^2 + a3(odd — ki — k2) = (ai — a'i)ki + (02 — a^)k2 + odd = odd (64) 

since the first two terms (containing differences of two odd integers) are each even. Thus 
this shows that no Oj = odd exist satisfying ^^ Oj/Cj = (mod 2N): in other words, for even 
A^ and ^^ ki = odd, no chiral GSO projection exists (note that for odd A^, one can always 
shift say k^ -^ k^ ± N to make Yli ^i even and thereby recover a chiral GSO projection). 
For J2i ^i = even, Ej simplifies to 






jh 






jh 



^^■ = 2.«4VJ = Z.r-AfJ+-- (65) 



3_ 

N 



y ki — Rj + even. 



where Rj = ^i{^} is the R-charge of the twisted state. Thus for a twisted state T with 
R-charge R = (ri,r2,r3) in the orbifold C^/Zjy {ki, k2, k^,), the GSO exponent is 

E = y^O'i^ii with ai = odd and y.'^i^i = (mod2A^). (66) 

i 
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Let us examine this GSO exponent in greater detail to elucidate its properties. 
For 'C/'L]^, consider the action H ^ H + an, i.e. 

^ - ^ (-1)", X, -. X, (-ir/^, (67) 

which defines a nontrivial (—1)^^ Z2 action on the untwisted sector only if a is an odd integer. 
For odd A^ = 2M+ 1 prime and general odd a = 2b+l, the action on the twisted states Xj 
defines a Z2 only if a = A^. For other odd A^, there are appropriate twist-j subsectors with 
prime factors for which the argument is then the same. Indeed let us consider even N = 2^ 
with a = 26 + 1, so that the twisted states transform as 

X^ ^ X, (-l)WiV ^ X, (_iy(2fe+l)/(2'=) (gg) 

Then for no twist-j subsector is there a well-defined Z2. For general even N=2M, there are 
twist-j subsectors which are identical to the above cases. Thus we take a = N with A^ odd 
for Type II C/Z^y. Then the chiral GSO above acts as 

^-.^(-1)^, x,-.X^{-iy. (69) 

Since the (—1, —1) picture vertex operators are odd under chiral GSO, only the Xj states 
with odd j survive. 

Now consider C^/ZAr(p) and C^/Zjv(p,g). In these cases, the GSO exponent Ej is an 
integer if ai + a2P + a^q = O(mod 2N). 

From above, we have l+p + q = even. For C^/Zjv(p), we have g = 0: then p = odd and 
ai = p,a2 = —1 satisfy ai + a2P = (mod2A^). We have then the chiral GSO action 

^1 ^ V^i (-1)^ ^2 ^ ^2 (-1), X, ^ X, (-l)bWA^] (70) 

for the C^/Zjv(p) orbifold. 

Note that the supersymmetric orbifold is p = — 1 in this convention, so that [^] = 
[—j^] = —1. Thus the chiral GSO acts as Xj ^ Xj{ — 1) for all twisted states, which in fact 
are marginal with R-charge Rj = j^ + { — ^} = 1. Thus the entire (cx, cy) ring is preserved 
by the chiral GSO in this case, while the entire {cx, ay) ring is projected out. 

For C^/ZAr(p_g), we havep-|-g = odd: then oi = p+q, 02 = as = —1 satisfy ai+a2P+a3q = 
O(mod 2N). Then the GSO exponent Ej is 

;i+P + 9)-^-{f}-{f}=^(l+P + 9)-fl. (71) 
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and we have the chiral GSO action 

^i^^i(-ir^ ^2-^2(-l), ^3-^3(-l), X,^X, (-l)y^/^W^-'^/^l. (72) 

For the supersymmetric case 1 +p + q = and we have E = —Rj , so that the chiral GSO 
acts as Xj — > Xj{—1) for all twisted states in the {cx,cy,cz) ring with R-charge Rj = 1. 
The blowup modes of the geometry are defined purely in terms of the marginal Rj = 1 states 
for the supersymmetric case so that they are all preserved by the GSO (note that there also 
exist Rj = 2 twisted states here, unlike in the C"^ /'Ln{p) case). Thus in general, the chiral 
GSO for Type II theories projects out the twist operators Xj of the {cx,cy,cz) ring with 
[yf] ~'~ [tv] ^ ^^ ^^'^ retains those with either [^] or [^] odd (but not both). Similarly in 
the (cx, cy^ az) ring, the Xj with [^] + [^] even are retained and so on. 

Note that this agrees with the Green-Schwarz GSO analysis (generalized from that in 
jHj), which starts with a rotation generator 



R = exp 
Then 



27ri 

— ( J45 + pJei + g-^89) (73) 



SO that considering the action thereof on various spinor charge sectors (±1/2, ±1/2, ±1/2), 
and demanding R^ = 1 for removing the bulk tachyon gives p + q = odd. 

It is important to note that changing q —>■ q + N introduces an extra factor of (—1)^ 
in (j72|) . Also p + q = odd now changes to p + q + N = even thus reversing the bulk 
tachyon projection and changing a Type II theory to Type 0. For example, the C^/Zii(2,-7) 
orbifold is a good Type II theory with the bulk tachyon projected out, whereas the orb- 
ifold C^/Zii(2,4) (which is equivalent in conformal field theory) does have a bulk tachyon 
and should be regarded as Type 0. Furthermore, the action on the twisted states changes 
since the exponent E becomes E —>■ j + E, so that supersymmetric orbifolds now have 
E —* j^{l + p + q + N) — Rj = j — Rj, thus projecting down to j = even twisted states 
among the Rj = 1 blowup modes. 

Modular invariance of the partition function 

The partition function for C/Zjy was described notably in [TT[ [T2] , using both the Green- 
Schwarz and the RNS formulations. We primarily use the RNS formulation here. 
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The Type string has a diagonal GSO projection that ties together the left and right 
movers: it has the partition function 
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(75) 



Clearly this partition function exists for any fc,, N . 

On the other hand, the 1-loop partition function on a C^/Z^v (/ci, A;2, k^) orbifold for a 
Type II string with separate GSO projections on the left and right movers is given by the 
sum over twisted sectors as 
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contains the sum over spin structures for the j-th twisted sector twisted by g'' in the "time" 
direction. The terms in Z are easily recognized as the contributions from the untwisted 
bosons in the one complex flat dimension, multiplied by the contributions from the twisted 
bosons in the three orbifolded complex dimensions and the fermionic contributions. 

At this point, we list some formulae involving theta functions that we use here (from 
^UISSI)- The boundary conditions on the worldsheet scalars and spinors in the NS sector 
are 
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A chiral fermion with Hamiltonian 
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has the partition function 
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where the Z^f action on the Hilbert space is 
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h,,dh^^ = -e'^^^^d, hbdh^^ = -e^^'^d 
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Some useful formulae involving theta functions are 
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Under modular transformations generated by S' : r ^ — - and T : r ^ r + 1, we have 
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The sum over such terms can be rewritten as the original partition function with j' 
N — I, I' = j ii the phase from the third term above satisfies 



. v^ Ikj . r^ j'fc,- . r^ {N — l)kf 

g*-E,Tv^ =g-«-E,Tv^ =g-«-E,^^^ (85) 



In other words, we require 



yi-^{N - l)ki y^ Iki 

/ iTr = - / ^TT + even (86) 



i. e. Yli ^i = even, the condition we have seen before (this condition on the orbifold weights 
can also be obtained by demanding level-matching). Invariance under the T transformation 
does not give anything new. 

We can now expand the Type II partition function we have here to realize the GSO 
projection on the twisted states to obtain the projector 

1 _ (_l)-i'^Ez[ifc«/A'] (87) 

for the ground states in the sector where {^} < |, «.e. the {cx^cy^cz) ring. This is a 
projector onto twisted states with Xlji^*/^] ~ ^j ~ '^^^^ recovering the result from the 
previous subsection. On the other hand, consider as an example, the sector where {j^} > \ 
with {^}-i{^} < \- Then we obtain the projector 

1 _ (_]_)-«'r(EJifc«/^]-i) (88) 

for the ground states (which are in the (cx, cy, oz) ring), i.e. YliiiJ^i/^] — ^'wen. The chiral 
operators Xj are obtained as the excited state with one extra fermion number from ip^ which 
therefore have the GSO projection ^i[jki/N] = Ej = odd, as before. Likewise if two of 
{j^} > |, we have Ej = odd for the ground states so that the Xj, obtained with one extra 
fermion number in the two sectors, again have Ej = odd and so on. Thus the GSO exponent 
for the chiral operators Xj is Ej = J^ilJ^i/-^] — ^^.d. 

The above partition function can be recast as the Green-Schwarz partition function using 
the quartic Riemann identity for theta functions [ISj (see [TTl [T2] for the C/Z^r case) . It is 
noteworthy that the partition function of the Type II theory can be obtained by gauging a 
chiral (—1)'^^ Z2 symmetry in {i.e. as a Z2 orbifold of) the partition function of the Type 
theory and demanding modular invariance, along the lines of jS^ I37j. In this case, this 
procedure effectively changes the Z^r orbifold to a Z^r x Z2. For odd A^, this is the same as 
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^2N and we recover the partition function above and thence the Green-Schwarz partition 
function. While in principle one could expect interesting generalizations involving discrete 
torsion in Zjv x Z2 for even A^, a careful calculation shows that the possible extra phases 
can be absorbed via redefinitions of the orbifold weights. 



B C^/Zjv(p) toric geometry 



We outline here the toric description of C^/Zjv(p) discussed in [5] (see also |2]), based on the 
Hirzebruch-Jung theory of singularity resolution in codimension two. We have uniformized 
our notations and conventions with our description of C^/Z7v(p,g). 

A basis for monomials invariant under the orbifold action is m = x^, v = x~^y, so that 
the ring of holomorphic functions on a neighbourhood of the noncompact C^/Zjv singularity 
is generated by the monomials u"^'^v"^^ = a;^™i-p»"2 ^"12 f^j- integer 7711,1712, which gives a 
cone in the M lattice bounded by (1, 0), {p, N) . From these, we read off the vertices of the 
fan in the N lattice dual to this 

a, = iN,-p), «2 = (0,1). (89) 

This uniformizes our notations and conventions with those of jS]: see e.g. Figure 2 therein 
(see also e.g. Figure 1.10 of [2]). The Hirzebruch-Jung formulation of minimal resolution 
in codimension two ensures that the endpoint of condensation of all tachyons in a given 
orbifold is always flat space. Thus the volume of any subcone arising from a subdivision by 
a tachyonic blowup mode is equal to one, so that unlike C'^/Zjv(p,5), terminal singularities 
do not exist here. 

Furthermore there is a nice continued fraction representation of — for C^/ZAr(p), in 
terms of integers a^, following from the Hirzebruch-Jung theory of minimal resolution of 
these orbifolds which encodes the relations 

ttjVj = Vj^i + Vj+i (90) 

between the vectors Vq = {N,—p), Vr+i = (0,1), Vj, j = 1, ...,r in the toric diagram 
representing the bounding vectors of the fan as well as the r generators of the chiral ring. 
Then by iterating the relation above, we can see from the toric diagram that v^ obeys 

AkVk = BkVo + Vk+i, (91) 
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where 



Afc = Ofc - l/(afc_i - ...), M 



Ol, 



Bu 



[Ak-i.Ak-2-A] 



1-1 



Then, reahzing that (1,0) is an interior point for p < N, we have for Vr = (1,0), 

A,(l,0) = 5,(iV,-p) + (0,l) 



(92) 



(93) 



l\r- 



[Or? Or-l • • •]• 



(94) 



so that Ar = BrN, 1 = BrP, giving 

N 
P 

There does not appear to be any generahzation of the continued fraction fraction represen- 
tation for C^/ZAr(pg). 

In this case also, one can study subsequent tachyons Type II theories in light of the 
chiral GSO projection. For a C^/Ziv(p) orbifold that is Type II, we have p = odd. A twisted 
state Tj = (j, — [^f]) = {jf, {yf }) is preserved by the GSO if [^] = odd. Consider blowing 
up the divisor corresponding to Tj. The subcone C{0;Tj,a2) can be easily seen to be a 
C^/Zj (1, [^]) orbifold which clearly admits a Type II projection since 1 + [^] = even. If 
Tfe G C(0; Tj, ^2), solving Tk = aTj + 6^2 gives 



The GSO requires a. 



R'k = ia,b) 



odd satisfying oi + 02 [^] 
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\jp^ 




'kp 
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[n\ 




VN 



(95) 



(mod2j), which is solved by ai 



[^]i Ci2 = —1- Thus the GSO exponent for T^ works out to 



E 



3P 

N 



k 



JP 



J In 



+ 



kpi [kp 



Ni 



N 



(96) 



Similarly, the subcone C{0;Tj,ai) is seen to be a C^/Zjyrjpi {p,—[^]) orbifold (assuming 



nondegeneracy of the Smith normal form vector). This also clearly admits a Type II pro- 



jection since p — [ 
giving 






even. A sub-twisted state T^ G C{0;Tj,ai) satisfies T^ = aTj + hai 



K = {a,b) 



I N i 



k_ 

N 



J{^} 



(97) 



■{f}' N iV{f}, 

A set of Qi = odd satisfying aip — a2[^] = (mod2A^{^}), is ai = [^], 02 = p, giving for 
the GSO exponent for T^ 



E 



~kp~ 

~~ -iV. 
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(9^ 



Thus originally preserved sub-twisted states remain preserved after a preserved twisted state 
condenses. The R-charges of subsequent tachyons again expectedly renormalize upwards, 
i.e. R'f, > Rk, since a sub-tachyon is closer to a sub-plane than to the original plane of 
marginal operators. However due to an interesting convexity property of the tachyonic 
generators (that appear in the Hirzebruch-Jung continued fraction) inside a given cone of a 
toric digram (see e.g. jTj)? it is straightforward to show that -R^ < 1 always! Thus there are 
no geometric terminal singularities in codimension two. 
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